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1
cosec 0 = ——
sin &

.I %ﬁiﬂﬁ- cos = 1 2. 1+ 1an’f = sec? § 3. 1+ cot’8 = oosﬂgi?
I et measure :

3 # radians = 180°

.._l _ ﬁ!ﬂ. Trigonometric ratios for certain standard angles

i r e

e 1! -E
) 1|

e 0 @6) | 45" (/4) | 60° (as3)
sin @ 1 1 V3

= ﬁ

2
Vi
2
1

2

1 1

V2 2
1 V3

V3

[l the reciprocals of tan#, ’

- (o

ey | » |
S 0090 £0, 180 %9, 270 + 8, 360 + 6 in te

the following rule known as
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Al i are ~ve o the
_. 1L i ! l-q“?;l“.ﬂﬂ_;-l g .'
82 sinds e in the I quadiant

T : tanis +ve in the [ quadrant

C: cosis +vein the IV quadrant

sin (—6) = —sin#, cos (—6) = cos B,
sin(n.2x+6) = sinf, cos (n.2x +6) = cosf

ple 1 ¢ 5in (90° - 8) = cosb, cos(90°+6) = —siné
sin (180° — #) = sin#, tan (180° + &) = tané =lc.

Example 2 : sin (135%) = sin (90° + 45%) = cosd43° = %

tan (315) = tan (270" +45°) = —cotds” = —1

cos (225%) = o5 (180° +45% = —cosds® = —,

sin (7507) = sin (2 % 360" + 30”) = sin30° = % (D

VI Compound angle formulae
(i) sin{d4 +B) = sindcosB + cosAsinB

sin(4 —B) = sindcosB - cosAsinB
cos (4 + B) = cosd cos B — sinA sin B
cos (A —B) = evsAcosB +sindsinB

T : tan A + 1a® B
B B = T At B

. tan A — tan B
h .\_qtm 1‘*".—:&11;4-1@3

%ﬁ: ﬁ:mm sum nr &m
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ar cass of fomula ) 10 (4
= 2sin (4/2) cos (4/2)

= 2sinA cosA sin A .
4 = costA —sin® A cosd = cos® (A/2) — sin” (4/2)
|:||" M) <2 sl A = 1-2sin" (4/2)
| = 2costAd ~1 = 2::3311:{-1!2}—1 _
_.'?A L1
1+cosZd = 2cosc A 1+ cosd = 2cos 3
. 24
1—cos24 = 2 sin” 4 1-cosdA = 2smn 3
sin3d = 3sinAd —dsin’A |
cos3d = dcos A —3cos A 4
i = 2lan A4 o 21ang.rle’2} .
1+ tan" A 1 + tan” (4/2)
cos24 = E.Lmz"l i = 1 — tan’ (A/2)
T 1+ tan” 4 1+ tan® (4/2)
I

X, Formulae to convert a sum or difference into product.

{ﬁl:l E»H'I.E.'i‘ﬁmﬂ' Er.'mE %qmﬁ{__'_n

2
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Al tanhx = 30bx aeds . COBDY
i s coshx ' cothx tanh x sinh x
1
sechx = : A 208 W
X ok cosech x e v

XI. Important hyperboiic identities
(1) cosh’x — sinh®y = 1 (i) 1- tanh®x = sech®x
(iii) coth’x —1 = cosech? x (iv) cosh®x + sinh®x = cosh 2x
(v) 2sinhxcoshx = sinh2x

XIL. Relationship between :rigonometric and hyperbolic functions

1% —iX 1X o
: € —¢€ e + e
We have, sin x = ——— and cosx = =
24 2
" ! . v ’ B
L N W i
oW sin (Ix) = 5; = (=-1) 5 - >
— K
i . e — , _ ;
sin (ix) = 1§ = (i.e.,) sin (ix) = isinhx
; e "+ - .
Also, cos (ix) = ———— = coshx (ie.) cos(ix) = coshx
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functions. Using Euler’s relations,

L

lﬂ'=m:+um.r e =cosx-ilsinx,

+e = 2
= BOL X = ————p
2 e +e
L = S—
--u i
- r 2
=‘!‘Hl - |  cosecx=-— -
2 e —e
kx - kX i - X
h sl g -8 e +
- cot x = — e*u)
e +e ) Ao -

M of hyﬁ;erholjc functions. The six functions,
coshx| sinhx | tanhx]|
e sech x j cosechx | cothx |

which are defined below are l:alled hyperbolic functions.

| Hyperbolic cosine of x mh::ex"';
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: = |

........

.......
.........

- '---i;’r' ‘;ﬁlﬁ“f*- tan ix, we have ||'

L _dR i oay |
9 = G cosh x. |
: |

e ol P S e \

2i G- 2

3 tmh:sinix:isinh:_,mhx I‘
cosix coshx = ' |
These three results are very important and so we shall
tabulate them.
cos 1x = cosh x '|
sin ix = i sinh x o
tan ix =t tanh x |
: 1 1
4, secix=- 1 = gech x.
cos ix coshzx
! 5. cosecix= .1. = .1--—=Li- _1 - = — | cosech x.
- sinix i(sinhx ;% sinhx
6. cotix= L. : = - coth x.

tan ix ¢tanhzx
8.2.2. Fo-aulae in hyperbolic functions.

Corresponding to the formulae in circular functions, we
get similar formulae in hyperbolic functions either by using
definitions or by using the relations between circular and

hyperbolic functions.
ethod 1. Using definitions, we shall prove
| cosh’x - sinh®x = 1.
2

2
ef+e " e _4.ée’*
(e[ 7] 2

t Method 2. In cos?x + sin’x = 1, changing x into ix and
using cos ix = cosh x, sin ix = i sinh x,

~ cos?ix+sin®ix=1 or (coshx)’ + (i sinh %)’ =1
AT i) ﬁﬂi!fﬂ—sinhﬂx= 8 Tl NiA )

Scanned with CamScanner

Scanned with CamScanner



hhyparbdlinﬁmcﬂnn!
cosh’x — sinh%e= 1
| sech?s = 1 — tanh®c
Tm”x—1+eﬂt2: —cngechz__t.—_'l—ﬂﬂthgx
[ cos 2¢ = 2 cos®x - 1 cosh 2x = 2 cosh’ - 1
=1-2sin’ =1+ 2 sinh’
= cos”x — sin’x ~ cosh’x + sinh®x
sin 2x = 2 sin x cos x sinh 2x = 2 sinh x cosh x
8in (B + ¢) = sin 6 cos ¢ sinh (8 + ¢ ) = sinh @ cosh ¢
+ cos 6 sin ¢ + cosh 6 sinh ¢
sin (B-¢)=sinBcos¢ sinh (8 — ¢ ) = sinh 8 cosh ¢
~ cos 8 sin ¢ - cosh 6 sinh ¢
cos (B0 +¢)=—cos0cos ¢ cosh (8 + ¢ ) = cosh 6 cosh ¢
—-sin@sing¢ | + sinh 6 sinh ¢
cos (B - ¢ )= cos 0 cos ¢ cosh (8 - ¢ ) = cosh 8 cosh ¢
+ 5in 6 sin ¢ - sinh 0 sinh ¢
' 2tan B ; 2 tanh 6
8in 20 = —— =
1+ tan’ S YT
2
cos 26 = tangﬂ msh23—1+tanh :
1+ tan’0 1-tanh®g
i 1-tan’6 1 + tanh’

i . Note. To .get the hyperbolic formula +
Wpanﬁ;k_g‘ circular formula e

(i) replace the circular names by hyperbolic names
9 {ﬂ:! aﬁﬂl S0 ﬁi&uge the slgns of preducts of two sines

p

¥

Scanned with CamScanner

Scanne d with CamScanner



i

Circular Functions

Function Real part Imaginary part |
sin(® + i¢) sin O cosh ¢ cos 8 sinh ¢
cos(B + i) cos 0 cosh ¢ — sin 6 sinh ¢
. sin 20 _ sinh 2¢
wn(o + 1) | cos 20 + cosh 2¢ cos 20 + cosh 2¢
Hyperbolic Functions
Function Real part lmaginal-y part
sinh(B + i¢) sinh 6 cos ¢ cosh 6 sin ¢
| cosh(B + i9) cosh 6 cos ¢ sinh 6 sin ¢
_ sinh 26 sin 2¢
| tanh(® +iqy cosh 20 + cos 20 | cosh 20 + cos 20
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Results. In finding the real and imaginary parts, use
cos Ix = cosh x, sin ix =i sinh x.
1. sin(0 + i), sin(® — i0)
sin(0 + i¢) = sin B cos i¢ + cos O sin 1
= sin 6 cosh ¢ + cos 6 (¢ sinh ¢)
«~  =gin 0 cosh ¢ + 1 cos 8 sinh ¢.
Replacing i by -i, we have
sin(ﬂ—i¢)=sinﬁ¢nsh¢—icusﬂsinhtt:,
2. cos (0 + i), cos(6 - id)
cgg{q+£¢]=cusﬂcﬂsi¢-sinﬂsini¢
= cos 8 cosh ¢ — sin 8 (i sinh ¢)
-—uusﬂcush¢—isinﬁsinh¢.
*W‘ by -1, we have
cus(® - W}:msBmsh ¢ + i sin 0 sinh ¢.
‘3. tan(@ +i¢), tan(d - i¢)
i ¢ B=’e‘2imn$A+B}+sinm-£jt,

.
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== [(i sinh 6) cos ¢ ~ (cosh 0) sin 0]
= sinh 8 cos ¢ + i cosh 8 sin ¢.
| 6. cosh (8 + i¢)
Result. ﬂﬂﬂix=mhx or cosh x

= COS Lx.
| ﬁh{ﬂ+i¢}=ﬂu&i{ﬂ+i¢]=mﬁ{jﬂ—¢]
= Cos 18 cos ¢ + sin i@ singd
= [cosh 8] cos + [i sinh 0] sin o
7. tanh (8 + iv).
Results. sin A cos B = 1% [sin (A + B) + sin (A - B)),
cos A cos B = 14 [cos (A + B) + cos (A - B)].
tanh[ﬂ-riq}}:t'a'ni{ﬂ”m =1'tan15£ﬂ—¢b_}

12
[ =y

. 8in (10 -
——Ltﬂﬂ{iﬂ—d}}——;maﬂﬁ_w
_;5in (16 — ¢) cos (16 + ¢)

" cos (iB — ¢) cos (10 + ¢)

_ . Yo [sin (2i8) + sin (- 29))
="' 1 [cos (2i8) + cos (— 29)]

. li sinh 20] — sin 2¢
=~ ! [cosh 26] + cos 2¢

sinh 26 42 sin 2¢
~ cosh 20 +cos 20  cosh 20 + cos 2¢

Lastly we shall express coSeC (8 +i¢) and sec (B +i9) in
a +ib form.

8. cosec (0 +i0), sec (B +ig)

: . 1 14 sin (0 - i9)
m(ﬂ+l¢]='s_in(3+i¢)-sin{ﬂ+i¢}sin (0 — Lo)
sin (6 - i0)

= _ 1% [cos 20 - cos 2i¢]

2 [sin 0 cos i9.~ cos O sin i¢]
=" cos 2i - cos 20
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2sin®cosh¢ . 2cosOsinh ¢

~ cosh 2¢ — cos 26 * cosh 2¢ — cos 26

1
cos (0 + id)

cos (0 — i1¢)
" cos (0 + 1) cos (6 — 10)

cos (0 — 10)
1/2 [cos 20 + cos 2i¢)

set (0 +19) =

_ 2 [cos 8 cos i¢ + sin 0 sin (]
¥ cos 20 + cos 2id

__2cos B cosh ¢ , ; _2sin @ sinh ¢
ms29+cush2¢ cos 20 + cosh 2¢

- -l - =
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a = : e ¢ ‘
TR) = Gos B (3G |
“+ h2B = S

< gruver That Cos(A+i8) 2

(o) & +15/nB.

: =
wWewrite (o5 x+18) = e
; 5 _'_IQ

e —i8
e -e =l

: :j- fes ipLiB) - (s (A iR) =
3 ,'*1{\693[_?\—&134 pa-iR ]+ bos(P +1|E"——Pr+1|tﬂ§:]
1 | s GsiB ) = |

{;@Té\ﬁ —+ CE:T['\.EZB — "’t}x

Gs(x4ig) = " (=8 + 1380 ]

prove “Thet
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