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ALLIED COURSE I

ALGEBRA AND CALCULUS (
Objects :

1. To lean the basic concepts in the integration ' .
2. To train the students to solve the problems in Theory of Equations

UNIT I

Theory of Equations: Relation between roots & coefficients — Transformations
of Equations - Diminishing ,Increasing & multiplying the roots by a constant-
Forming equations with the given roots —Rolle’s Theorem, Descarte’s rule of
Signs(statement only) —simple problems.

UNIT IT

Matrices : Singular matrices - Inverse of a non-singular matrix using adjoint
method - Rank of a Matrix — Consistency - Characteristic equation, Eigen
values, Eigen vectors — Cayley Hamilton's Theorem (proof not needed) -Simple
applications only

UNIT III

Differentiation: Maxima & Minima - Concavity , Convexity - Points of inflexion
- Partial differentiation — Euler's Theorem - Total differential coefficients (proof
not needed) —-Simple problems only.

UNIT IV

Integration : Evaluation of integrals of types
) [ a g [ 3 s

ax’ +bx+e Jax® +bx+c a+bsinx
dx
4 .
] !ﬂ'+bmix

Evaluation using Integration by parts — Properties of definite integrals - Fourier
Series in the range (0, 2 x ) - Odd & Even Functions - Fourier Half range
Sine & Cosine Series
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UNIT v

Differential Equations: Variables Separables - Linear equations - Second order
of types (aD2+ b D +c)y=F (x) where a,b,c are constants and F { x ) is one
of the following types (i) e®* (ii)sin(kx) or cos(kx) (iii) x» , n being
an integer (iv) e ¥x [[x)
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1985 Revised Edition (Units 1,11}

2. 8. Narayanan, T.K. Manicavachagam Pillai, Calculus, WVol. II, S.
Viswanathan Pvt Limited, 2003. (Units III, IV and V)

REFERENCE(S)

1. M.L. Khanna, Differential Calculus, Jaiprakashnath and Co., Meerut-2004.

ki

dcanned with LamSc

Caerre Lo s w—

Scanned with CamScanner



'
| B
a

GT{]\.J’,.L&.-!;!'?;?‘IHI'I s (fﬂmﬂfﬁ GJ'.‘:JP -1 ﬂ};yf-lr;-;,
! |

o f '
L’:J'ﬁmi'? ' L B.S¢. Compufur S o

{_.:'it_‘:IFCff ‘:_ J"’r'flljl:l:'t‘-"ll'il::\ .'Il.l"-'* rx"ﬂ}f'-”’.._féffl ',M 4
' Py— :’I JEM"';';L_! Ly |
"q-‘e-"”:{ g GH£PT AE —

UniA -1 THEORY OF EQUATIONS 1

A~ § LEH is a positive integer andag, 8182 - n are m"ﬂﬂma{
1) and ag = 0, an expression of the form |
P2 tan (1) |

#

= f{x]saﬂf'+a1x“" + as
L] |

s called a polynomial in x of the 4 degree. A constant may be

regarded as a polynomial of degree Zero. !

The equation obtained by putting the pulyﬁumiﬂl (1) equal l,:i.l:

Zero, !
. +a,=0s called ant

e, f00) =a + g+ azx"'E + |
algebraic equation of the n" degree. An equation is not altered ifa:;
its terms be divided by any quantity. Dividing the equation by &g, we |
can make the coefficient of X in the above equation equal 1o uniy|
Then the equation can be written in the form

X +,|:.-,Jr""1 +p21r"_2 fooi + Py X P = 0.

Equations of the first, second , third, fourth ... degrees ar
known as linear, quadratic, cubic, bigquadratic ... eguations respec
tively. The term independent of x Is called the absolute term. !

Any value of x for which the polynomial f (x) vanishes is callet
2 root of the equation f (x) = 0.

The main object of the theory of equations is
of the equation f (x) = 0, i.e., to solve the equation. y

In this chapter unless otherwise stated f (x) represents alwaj:
a polynomial inx. We can easlly seethatf (x)isa continuous function:
of x for all values of x_}

§ 2. Remainder Theorem. If f (x) is a polynomial, then f(al
is the remainder when f (x) is divided by x — a. |

Divide the polynomial f (x) byx — & until a remainder Is obtainet

which does not involve X.
Let the guotient be Q (x) and remainder R.
Thenf (x) = (x — a) @ (x) + R.
Substituting x = a in the above equation, we get f (a) = R

to find the rﬂﬂh|
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b THEORY OF EQUA . iNs /ﬁ‘{ R
. (2.)

.. Cor. Iff (a) = 0. the polynomial f (x) has the factor x .- a e,
' be the root of the equation f (x) = 0, thenx - Is a factor of the
h\h“"&‘numial f (x).

" §3[1ff(a) and f (b) are of different signs, then at least one
:"nm of the equation f (x) = 0 must lie between a and b.

| As x changes gradually from a to b, the function

t_gr;gl,j,_m||.m, from f (&) and f (b) and therefore must pass through all
Nermediate values, but sincef (a) and (D) have different signs the
I":‘ahm:,- zero must be between them, i.e,, f (X) assumes the value zerg
| Or atleast for one value of x between a and b,

This theorem can be proved by means of drawing the graph of
'he function y = f (x). Since f(a) and f (b) have different signs, the
raph y = f (x) must cross the x-axis at least once between a and b.”|

) B S
, ’ A Y =' /:\unv/(m' £ o
| € 0] v \t‘# bi/

r ¥

{ (x) changes

i

| Atthe point where the graph crosses the x-axis there is a real
t‘ﬂﬂl of f (x) = 0.

. There is atleast one real root betweenaand b,  — o -

§4.1ff (a) and f (b) have the same sign, it does not follow that

{ (x) = 0 has no root between a and b. It is evident that when two

oints are connected by a curve, the portions of the curve between

hese points must cut the axis at an odd number of times when the

oints are on opposite sides of the axis anc an even number of times
r not at all, when the points are on the same side of the axis.
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284 ATEXT BOOK OF ALGEBRA

; Its :-
Hence we get the following resu i
(1) If f(a) and (D) hzun?j ":Buiiglr::s': tahnere s no?
of f(x) =0 lie betweeh &
and b. o
) (2) If f (@) and f (b) have unlike signs, an od

f () = 0 lie between a and b. oo, it
? (};}E Iff (x) =0is an equation nfndd:tug"m last term.
one real rnug whose sign I8 opposite 10 It; Ea
Letf{x'}h-ex"+p1r""1 b paXt --;mg.;t
Substituting — e, 0, + = forxinf (X,
f(— =)=~ « since n is 0dd.

ffﬂ} = D
f(+ ) =+ .
Hence if p, is positive f (x)
between — o a::d 0 and If py, Is negative f ()

root between 0 and + <. _
I:i:ﬂ" f (x) = 0 is of even degree and the ll;tsn;ll:l: ;rnl:a Et
negativé, equation has at least one positive ro

one negative root.
Letf () bex" +py X" + ... P
Here n is even and p,, is negative.
f(— ) = + « sincen is even
f(0) =p, = anegative quantity

f(+ ®) =+ o,
Hencef (x) = 0 has at least one root lying between — <« and 0,
and at least another lying between 0 and + .
§ 7. We have proved that every equation except one of an even

degree with a positive last term has a real root. Such an equation of
even degree may have even number of real roots or no real root. We

shall assume that every equationf (x) = 0 wheref (x) is a polynomial
inx has a rodtreal or imaginary. The proof of this theorem Is beyond

the scope of this book.

§ 8. Every equation f (x) = 0 of the n" degree has n roots
and no more.

Let f (x) hamepolynnmialﬂaf' + a-,x”_1 +...+a,

lying |
" at least one root
0 e — 0 has at least one
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THEORY OF EQUATIONS *';F) 285

We assume that every equation f (x) = 0 has at least one root
real or imaginary.

Let ar; be a root of f (x) =
Then f (x) Is exactly divisible by x — aty, S0 that
() = (X = ay) ¢y (x)
Where ¢ (x) Is a rational integral function of degree n — 1.
e Again ¢4 (x) = 0 has a root real or imaginary and let that root
24 -8
Then ¢, (x) is exactly divisible by ¥ — a,, so that
P1 (X) = (x = ag) P2 ()
where ¢, (x) is a rational integral function of degreen — 2.
00 = (6= aq) (x = ap) b2 (¥).
By continuing in this way, we obtain :
FO) = (X = aq) (X = &) ... (X = @) ¢ (¥)
where's,, (x) is of degree n — n , i.e., zero.
- ¢q (x) is a constant.

Equating the coefficients of X" on both sides we get
@n (%) = coefficients of x"
= ag
- f)=agx—a))(x—ag)...(x~ap). . -

Hence the equation f (x) = 0 has n roots, since f (x) vanmhes
when x has any one of the values a , ap, .... a,. If x is given any
value different from any one of these n roots, then no factor of f (x)
can vanish and the equation is not satisfied. Hence f (x) = 0 cannot
have more than n roots. .l

+~Example 1. If a be a real root of the cubic equation

X+ pxz + gx + r = 0, of which the coefficients are raal show that
the other two roots of the equation are real, if

p? = 4q + 2pa + 3a°.

f-“’JS'i‘I“n::ea is a root of the equation, xs +pf+qx+rismnﬂy
divisible by x — .

:.La!x3+px2+m'+r5{x—a}[xz+ax+b).
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E k_ﬁ A TEXT BOOK OF ALGEBRA

Equating the coefficients of powers of x on both sides, we get
p=-a+a
gq=—aa+b
r=—-ba.
=p+aandb=qg+aa=q+ta(p+a)
— g + pa + .
The other two roots of the equatinn are the roots of

X +(p+cr}x+q+pa:+cr =0
which are real if (p + «) —4{Q+Pﬁ+ﬂ}""u
i‘_n.,p — 2pa — 49 — 3a° =20

ie., p2 = 4G + 2pa + 3a”
cxampie 2. If Xy, Xz . X3 ...+ Xn 818 the roots n;ﬁ"liequattrg:
(&1 "J'") (HE—IJ [En—r]+k 0, then . sho
84,8z, ---+8n ar€ the roots of the equatlun
(X —X) (Xg —X) - ~x)-k 0.
Since Xy » Xp + X3, - ¥Xn 81€ the n:mts of the equation

(a1 —I}[Eg—-.k'}-.,{ n-—x]+.ﬁ'_

o hf:JE (@g —X) --- & ~ x) + k= (x1—%) O—X) - (n—=X)
% (%1 —X) (X2=X) -- { "4’"} k = (ag—X) (@2=X) - . (@8 —X)-
‘. ay Tag . ag ..., anare the roots of

i -x]-kr—‘[l.
ol i {I::_- Bec | the roots of

Example 3. Show that i
L 1 = §_ gre real.

+____-—-'

x+a+x+b x+c X
?ﬁéimmﬁwng o ¥+C) (x+a) + X (x+a} (x+D)

s e o — 3 (x+a) (x+L) (X+C )= 0.

ssion on the left-hand side. it can easily be

Letf () be the EXPr2 tic function of x.

seen that f(x)isa quadrat
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THEORY OF EQUATIONS é 291

" f{—a]=~a{h—a}[c—a]
f{-b}==b{n—h‘|(ﬂ-h}
f[-—t}t-—ﬂ{ﬂ'—{:]{h—ﬂ].

Without loss of generality let us assume that a > b > ¢ and
a, b, careall positive,

Thena—b.h~c.ﬂ—carennshwe.
Yo f{=a)= - ve
£(-b) = +ve. Cve)
l::" ﬂ}g—\l'ﬂ.

~ The ‘equalion has at least one real root between - a
and — b, and another between - b and — ¢

e fag don can have only two roots since fX) =060 o
Qua-irais = u ation.

.- 1 wots of the equations are real.

1. 17 (x) Is a rational integral function of x and a,b are unequal
show that the remainder in the division of f (x) by (x — a){x = b}z
x—a)fb) - (x=b)f(a)
b-a

2 i x3+3px+r:; hasafactumfthefunnxz—zax+ﬂz.
show that g° + 4p° = 0.

e

3. ifpr' + g« + r has a factor of the form x° + éur + 1, prove
that pﬂ =pqg + rE.
4. prx5 + qrg + r has factor of the form x* + ax + 1, prove
that [pE-rEj (pE - i qr) =p2q2.
5. Prove that x* + px’ + 1 + s° is a perfect square, if
ps = :raru:lp2+as=ﬂ.
Hence solve x” — 4x® + 8x + 4 = 0.
6. Finc the relation between p and q in order that the equation
xa—px+q=[Imaybeputinihafnrm{xz+mr+n}2=r4.
Hence or otherwise solve the equation ax° — 36x + 27 = 0.
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}aé A TEXT BOOK OF ALGEBRA

7. It L, B, Y are the roots of the equation
(x+a) (x+b) (x+c) = d, prove that &, b, ¢ are tha roots of the
equation (x + L) (x +B) (x + Y) = 0.

8.1fa, b, c are all positive, show that all the roots of

x1a+x1b+11c=% are real. (B.Sc. 1988)

8.f a>b>c>dandE A, B, C, D are positive, show that

the equation
A B Cc D =0

E + +
x-a+r—b+x~n x—d

has one root between a and b, one root between b and ¢ and one
betweenc and dand ifE > 0, thereisa root > d and ifE < 0, there
Is aroot < a.

10. Ifa < b < ¢ < d, show that the roots of

(x—a) (x—c)=k(x—b)(x-d)
are real for all values of k.

11.ifa,b,c,f, g, hbe all real, show that all the roots of the
equation

(x—a) (x—b) {x—c]—fz {x—a]—gﬂ {x—bj—hE[x—c}—?fgh =

are all real. ( Assume thata > b = ¢).

s -
— l/ § 9. In an equation with real coefficients, imaginary roots
occur in pairs.
. Letthe equation bef (x) = D andleta + i be animaginary root
of the equation. We shall show that « — jf is also a m-nt.g' “

WeMuaﬁ—a-.ﬁﬂ}[x-a+{ﬂ}=[I—Er]2+ﬁ2.,.{1]

IFf (x) Is divided by {x — &) + 8, let the quotient b
the remainder be Rx + R’ ] ,32 ’ G ina

Here Q (x) is of degree (n - 2).
i@ ={x-a)+°}Q @ +Re + R -
Substituting (« + iB) for x in the equation (2), we get
f (a+iB) = {(a+iB-a)’ + F°} Q (a+if) + R (a+if) + R’
=R(a+if) + R’
blnf{n+.{ﬂ}=ﬂslnuua+{ﬂlsamutuff{x}=ﬂ.
" R{a+if)+R' =0,
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Equating to zero the real and imaginary parts
Ra+R' =0andRf =0.
Sincef#0, R=0andsoR' =0.

s ={x-a)? +p2)a .

/ s a=iBlsalsoarootoff(x)=0. _ .+ —
Exa

: mple 1. Form a rational cublc equation which shall have
forroots 1,3 — V-2,

Since 3 — V=2 Is a root of the equation, 3 + V-2 is also a

root. So we have to form an equation whose roots are
1,3+V=2,3-V-2,

Hence the required equation is
x=-1)x-3-V=2)(x-3+V=2)=0
e, x=1){x-3%+2}=0
le, (x=1) (2 -6x+11)=0
le, X =7+ 1Tx—-11=0.
Example 2. Solve tmsgl;aﬁmx“ux"ﬁxhzxﬂz:n
of whichonerootis =1+ V=1, (B.Sc.1991)

Imaginary roots occur in pairs. Hence — 1 — V—1 is also a
root of the equation.

-. The expression on the left side of equation has the factors
+1=V=1)(x+14+¥=1)
. The expression on the left side is exactly divisible by
+ 1241, ie, ¥ +2x+2
Dividing x* + 4¢ + 5% + 2x — 2 by X* + 2x + 2, we get the
I:J‘Un:ntina-nt:u'2 + - 1.
o X+ AP A-2 = (P +2x+2) (C+2x—1).

Hence the other roots are obtained lrunf +2x—-1=0.

Thus the other roots are — 1 = V2.
2 2 2
I/Eumplia.Shmﬂhat § g 8
X=a X=f x-y
has only real roots ifa ,b,c,a,f,y,d are all real.
If possible let p + ig be a root. Then p — /g Is also a root.

A-19

~x+d=0
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Eulﬁstﬂuﬂng these values for x, we have

| A bt
p+ig—a p+ig- f
2
¢
+ ep=lg+d=0 ..(1)
p+ig-y ey
2 2 2
t.‘ + O +.__‘-"'_-—-..p+; +d=0 ..(2)
p—ig—a = p-iqg=p = P—la~¥
Substracting (2) from (1), we get
2
2a°ig Eb'E.-"q elg ;.
- - e T g~y =4
(p—a) +9 (p=F) +a (p-y) +q
2 bﬂ E-'E }
i [ : — 1 =0
ie, — 2ig + + 2
{m-aﬁf o-p+d -1+
This is only possible when g = 0 since the other factor cannot
be zero. In that case the roots are real.
ed to prove this result.
efficients irrational

Article 3 can also be us _
§ 10. In an equation with rational co
thata + Vb is

%n,ts occur in pairs. y
tion and supposeé
v is irrational.

t f (x) = 0 denote the equa
il erea and bare rational and
ot of the equation
. (1)

arootofthee uation where
o vh is alsoaro

Wenawshnwmata—
vh) = (X*EJE—H

(r—a- vb)(x—a+
od by (x — )° — b, let the quotlent be Q (x) and

Iff () isd
the remainder pbe Rx + A"
polynomial of degree n — 2.
.. (2)

Here Q (x) is &

L f) = {x—-a)f-b}A® +Rx + R’
Substituting a + VB for x in (2), we get
f(a+vb) = 2_prQ@+vb)+R@T vb) + R
-R@+Vvb)+H
put f (@ + VD) = 0, since & + VB Isarootof f (x) = 0.

Ra + R’ +RYD =0.

Scanned with camsSc

v e

Scanne d with CamScanner



THEORY OF EQUATIONS pga
Equating the rational and irrational parts, we have |6 )
HE+H'=DH|‘H‘JH = [
s Rel

Hence f (X) = {(x - &) - b} Q (x)
=X-a-vb)(x-a+vb)Q .

. a—Vbisarootoff(x) = 0. -
-u.x/E“mple 1. Frame an equation with rational coefficients, one
of whose roots is V5 + v2, (B.Sc.1990)

ﬂ1entheutherrﬂntsarefh._v'§|_ﬁ+ﬁr_,,'§_,,r2_
Hence the required equation is
(x = V5 = V2) (x = VB + V2) (x + V5 - V3)
(x+V5 +vV2)=0
te. {(x=V5)* -2} {(x + V§)2— 2} =
ie, (F—20V5 +3) (2 + 2xVE +8) =0
e, (¢ +3°-a2. 5=0
I.E.,x4—14x2+9-={]. N —

\-//E:ample 2. Solve the equation g T & + 8- 8 =0
given that one of the roots is 1 — V5, (B.Sc.1994)

Since the irrational roots occur in pairs, 1 + V5 is also a root.
The factors corresponding to these roots are

x=1+V8)(x—1-v5),le, (x—1)2 -5
ie., X2 — 2x — 4,
Dividing x* — 5x° + 4x* + 8x — 8 byx* — 2x — 4, we get the
quotient x° — 3x + 2.
L X =50 + 48 + 8 — 8 = (P-2x—4) (F-3x+2)
= (P-2(—4) (x—1) (x=2).
The roots of the equation are 1 = V5 , 1. 2.
Exercises 42 T 4 R
1. Find the equation with rational coefficients whose roots are

(1)4V3 .5 +2v7, @1+5v=1,5-v=-1.
(B) V-1 - 5, (4) -va + V=2,
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M) 2. Solve the equation x* + 2x° = 6x" + 6x + 2 = 0 given that
i { 4+ V=1 Is a root of i (B.Sc.1950)

3. Solve the equation ax’ - 4" + x + 88 = 0 which has a root
o e (B.Sc.1988 & 1990 )

4 Solve x* — 42 + Bx + 36 = 0 given that 2 + / V3 is a root
of it (B.Sc.1993)

E.Smretheaquaﬂnnx‘-&f’+1trz~1m'+2=ugjm-.
that 2 + V3 is a root of the equation. (B.Sc.1993)
6. Given that — 2 + V— 7 isa root of the equation
X‘+2!2— 16x+ 77 =10,
solve it completely.

+ Solve the equationx® — x* + 8 — & — 15 = 0, one root
being-v‘ﬁandannthar1+2v‘-1.
8. Show that the equation
2 . 2 GE —
2 by E ot tm=x—m,

x—a' +r—b’ X—-cC
_ k are all different cannot have an imaginary root.

where g, b, C ..
9. One root of  the aquati.nn
a5t — 42 +56C+27%—36 = 0 I VZ + V5. Find the remaining
roots.
10. Solve the equation F_ P11 +40P + 11 - ax-1=0
given that one root is vz - V3. (B.Sc.1990)
11 solvetheequaﬁunzxﬁ—aw’+5x"+a(3—2?x+ 81 =0
glvantMImmmnlisﬁ-—v’—I. .
’T"“/j’;lf Relations between the roots and coefficients of equa
—"tions.
. Letthe equation be
45 74 o™+ P2 1+ Dok + Py =0

.. &p, then we have

]| ) ifthis equation has the roots a1 , 2. 3. -
- I x" +p'x"'1 +p21’1'2+..++pn,.1x+pﬂ
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THEORY OF EQUATIONS 2 12)

=K-—a))(x~ap) ... (x - ay)
= xn—E ay . xn-_'i‘l' E ay {12).’1-2—..."'{-1}“ 04 Qo....00
=X =S X" 82 (- 1),

where S; is the sum of the products of the guantities
@y, @a, .- & taken r at a time,

Equating the coefficients of like powers on both sides, we have
— Py = S4 = sum of the roots.

g 1Jsz= S, = sum of the products of the roots taken two
at a time.

= 133 P3 = S; = sum of the products of the roots taken three
at a time.

(- 1)" p, = S, = product of the roots.

If the equation is '

agd +a, X" +ax" P4 . +ay,_x+a,=0,
divide each term of the equation by ag.

The equation becomes

B i
gty 22, 1 0
fg dp

Xx+—=10
g

and so we have

n
ﬂl T ] a . (- 1 } ks
Xy a243 n ap o

— |

These n equations are of no help in the general solution of an

equation are often helpful in the solution of numerical
aqmtlnnsmma special refation is known to exist among the

roots. The method Is Hlustrated in the examples given below.

—

=
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294
‘-/Exumple i. Show that the roots of the equation

xa + pxz +gx+r=0are [n Arithmetical prﬂg‘resslnn if

¥ 2p° — 9pg + 27r — 0.
Show that the abave condition
WP e+ 13ax—10=0.

B.Sc.1988
Hence or otherwise solve the equation. ( )

jon x° +r=0be
Lot the roots of the equation X + pxz + X

a—é,a,a+d. "y

We have from the relation of the roots and coefficien
a—&+a+cr-—c5=-p _
{a—é}a+{a-—:§]{n‘+ﬂ}+¢If¢:+r:5] q

{'.;r-—&}:l’fr:r-f'ﬁ}E-'ﬂ

is satisfied by the aquation

et
simplifying these equations, We g )
et (@)
3 e - §2=gq .

.. (3)

aEadi==1

Erom (1), ¢ = — 3" 2
2.
2 P i
From (2), & =3( 3) % t
these values in (3), we ge

2 —
—-q=

gubstituting f_f.
3 -E -q = =T
(-§) -3’ (3

7r = 0.
ie. 20° —9pq +2

- = 0.
xs—ﬁrz+13x‘ 10
r=—10.

5)3.-9(—6)13+2?

In the equation
p=- g, g% 13,

2;93-9,9-;!-1-2?1':2(—
= 0.
ots of t
' isfied and SO thero
:'1;:5?:: In this case the equatio

(- 10)

yation areé
hﬁ:?ﬂ. (2), B)
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THEORY OF EQUATIONS 288" Ld-)

Ja=6
3a® - 82 =13
a® — a 8% = 10.
v a=2,12-8%=13, . %=-1
le,d =%
Therootsare2 —J, 2,2 4 |.
«~~ Example 2. Find the condition that the roots of the equation
- ax’ +3bx° +3cx +d =0 may be in geometric progression.

Solve the equation 27x° + 42x° — 28x — 8 = Owhoserootsare
in geometric progression. (B.Sc.1989)

Let the roots of the equation be % , k and kr.

k= -2 wikl)
r a
E+k2+k2r=3—ﬂ s 2)
r a
d
il (3
K = (3)
From(1), k Lyt =—§£.
r a
2 (1 3¢
From @), K [ +1+r|=""
Dividing one by the other, we get k = —%.
; 3 d
Substituting this value of k in (3), we get (—E‘p -
. ac® =bd.
In the equation 271'3+42x2—23r—3=[}.
k 42
L k+kr= - . (4)
K 28
- +k2+kz.r--2? ... (5)
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5 B
ﬁ’z?
2

=3

| Substituting the value of k in (4), we get

| 42
' E[F+t+r)- 27

ie.3” +10r+3=0.
| @r+1)(+3)=0

1
o i M .,.-Er
ST Snr
For both the values of r, the roots are —

Example 3. Solve the equati

A TEXT BOCK OF ALGEBRA "

2,2 -2

.. (B)

2
'a’ 8

on 81%° — 18 — 36X + 8 =0

whose roots are in harmonic progression. (B.Sc. 1994)
| -J‘t Let the roots bea , B, 7
k. 1
‘ - ThEI'!; = *:; + ?
o (1)
i ie, 2ya=py+ap
From the relation between the coefficients and the roots we
have
=18 .
a+f+y=7g
e v (3
af+Ppytra=-gs (3)
. 1 . 4
apr=n
From (1) and (3), we get
__36
2yatya= 81
36
F.E.. 3 ?’ﬂ — ] ﬁ'
* ?“=‘% ... (5)

& 4
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THEORY OF EQUATIONS 2d7
Substituting this value of y « In (4) , we get
b () =~ a
s p=2
From (2), we have

81 3 3 ... (6)
From (5) and (6), we get

9 3
e 2 £ -

- The rﬂutsarea.gam:l —E.

\/ Example 4. If the sum of two roots of the equation

Xepl+gl+m+s=0

eﬁuals the sum of the other two, prove that pa + 8r = 4pq.

(B.A. 1988)
Let the roots of the equation be « , § , y and &
Thena+f=y+4d - (1)
From the relation of the coefficients and the roots, we have
a+f+y+d=-p - (2)
af+aytad+fy+fd+yd=q e (3)
afy+afdtayd+fyd=—r .. (4)
aByd=s - {5)

From (1) and (2), we get

2(@+pf)=-p e (6)
(3) can be written as

af +yd+(@+Py+d)=q

e, @f+yd)+(@+p’=q - (7)
:4) can be written as

afly+d)+tyd(@+tp)=-r

le,(a+f)faf+tyd)=—r - (8)
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rd :_‘.‘ﬂ> abf A TEXT

| From (6) and (7), we get
2

aﬁ+}-ﬁ+%—=q.
e .. (9)

From (8), we gel

_E +1.-|_-§} = =
. “ ... (10}

—

je,af+yo= D

Equating (9) and (1 0), we get
o’
=% P |

ie., 40q — p3 = 8 |

o, pL+E =0T oy o + 4 +6x—21=0
Expengio gt equ:{:ﬁ;} fn ;agni:ude and opposite in

given that two of its roots are

. srgn.LEt the roots of the equation be a B.7i0 |
f. s G sud
je,y+0=0 e
From the relations of the roots and coefficients i
.:::+ﬁ+y+§=.2 y ‘ S
aﬁ+a}*+aﬁ+ﬁ}’+ﬁ5+}ré=4 ..,w
gﬁyvl-aﬂﬁ-[rﬁ—'ari'a}fﬁ:—ﬁ ...{5}
= —21
e .. (6)

From (1) and (2), we get @ +p5=2 X
(3) can be written asaf +yd+(@+p ¥+ &) = 4..” -

. af+yd=4 :
(4) can bewﬂﬂenaSaﬂ(}r+d] +yd(@a+p)= -6 .
le,yd(a+pf)=—6 s

From (6) and (8), we get pb=-3
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THEORY OF EQUATIONS 299 |7

bt y+8=0 =~ y=v3,d=-3
From (7) and (9), we get aff = 7
. a and faretherootsof x* — 2x+ 7 = 0.
. a=1+Y=6,8=1-V=86
. The roots of the equationare +v3 , 1 +v_6

W Enmple 6. Find the condition that tha general biguadratic

equation ax +4bx3+ﬁcxz+4dx+e—ﬂmayhavstpalrsnf
_ equal roots.

':F“ Lettherootsbea ,a, 8, 8.
From the relations of coefficients and roots

4b
2a+2f=~—— - (1)
a2+ﬁ2+hﬁ=% i 1D)
2a§+2¥ﬁ=-%i .. (3)
e

Jﬁﬁ:; - (4)
From (1), weget a + 8 = — -EaE .. (5)

me{E},wegetEﬁh+ﬁ}=—%.

- _d

. ap =g . (6)

From (5) and (6), we getthat « , § are the rnnté of the equation
f+—q+—mu

b
oax +4bf3+Ecx2+4dx+E=a( +—x+:f.
Comparing coefficients :
Ecza[: +%]ande=iij,

. Babec = a°d + 2b° and eb® = ad”.

—-_m__- q—._ﬁHl-"_'_ '___,.."|1

S>canned with CamsSc

s arrre s s —

Scanned with CamScanner



1

“14,) 38 A TEXT BOOK OF ALGEBRA
A’ s § ﬁ’ﬁ‘mnsmrmuilnns of equnllons:j
s If an equation is given, It is possible to transform this equat;,,

into another whose roots bear with the roots of the original equatig,

a given relation. Such a transformation often helps us to Soly
discuss the nature of the roots of the Equ;

equations easily or 10
tions. We shall explain here the most important elementary trans,

mations of equations.
Roots with signs changed.

§ 15.1.
/ To transform an equation into another whose roots are numeryi.
cally the same as those of the given equation but opposite in sign,

Letay, @2, -+ ¥n be the root s of the equation
O+ ppl T #pa X TEH L Py =0
Then we have

B3Py & P i~ . ¥ Pn
= (X —aq) (¥ —ag) --- (x — apn).

&

Changing X into — X, Wé have
(=" +py (= 0"+ P2 (=07 e+ P
=(—X—ay) (—x —ag) - (= x — ap)

- The roots of the equation
¥ —py X" P X" % =y 2P =0,
s = Op-

arE""ﬂ-l,‘:'ﬂE,-.

Therefore to effect the requi
substitute — x forx in the given equa
of every alternaie term of the given equation

second.
§ 15.2. Roots multiplied by a given number.
another whose roots are m

a_/ To transform an equation into

red transformation, we have to
tion ; that is to change the sign
beginning with the

times that of the given equation
X" +p1x"'1 +pzxn_2+ e T Pn
= (x—ay) (x—a2) - (X~ an)
Instead of x substitute #
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THEORY OF EQUATIONS 319
el
ng n _E n-1 F n-2
[;E] TP {m + P2 (m] + .+ py
= [‘HE‘—:H] [%—ag] (ﬁ"ﬂn]
Multiplying both sides by m",

Y 4 mpy Y+ miy 4 mfp,
= (y = may) (y — may) ... (y — may).
- The equation " + mpyy" ™" + m*py" % + m"p, = 0 has
ﬂﬁmﬂm ml':l:-l " mﬂ21 - m{ln1

Hence to effect this transformation we have to multiply the
successive terms beginning with the second by

m,ma,ma,...,m".

This transformation is useful for the purpose of removing the
coefficient of the first term of an equation when it is other than unity
and generally for removing the fractional coefficients from an equa-
tion. i

L'/ Example 1. Change the equation 2#4—ar3+322—x+2=ﬂ into
another the coefficient of whose highest term will be unity.

Multiply the roots by 2. Then the transformed equation be-
COmeas

o' -3.28+3, 222 —2%+2 2% =

le, 2x" — e + 12¢° — 8 + 32 = 0.
Dividing by 2, we get

> Y- red-ax+16=0.
Eﬂmpla1z. Remave the fractional coefficients from the equa-
tion -"a-EJl‘z+;—X—I=D.

Multiply the roots by 12.
We get the transformed equation as

1
"3‘1-12::2+%,122x—1.123=l}

ie.,x® - 35 + 48¢ — 1728 = 0.

...
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Imf+?f“ﬁ 3

fm =
Hence we have 10 multipl .
: 2 12°

Lo+ 30— +24=0. :______:# sy
PR —— S+ Exercises 46 oy
1. Find the equation whose roots are the ro
xs+ﬁr"+ﬁw3-7x2+2h'— 1=0
with the signs changed.

. —————

unaxa+4x2+ﬁr-5=ﬂint_ﬂﬂnein

i ral.
d all coefficients are integ
o (B.Sc. 1990)

e equation

3, Transform the eq;:ati
which the coefficient of x” Is un

4. Remove the fractional coefficients from th
5

g A By L
{”131'?’2"'.15“*103

! 3 .5¢.1990)
{E]EX‘S+§X£—EI—TE=D. (B

scannea with TamSc
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5. Transform the equalion o -g-x"i 1 %xﬁ -X+- 1-; = 0 into
another with integral coefficients and for the coefficient of the first

term unity.
§ 15.3. Reciprocal roots.

To transform an equation into another whose roots are the
reciprocals of the roots of the given equation.

Let y , @2, -, &y D the roots of the equation

X+ p 4+ p 2k =0
We have

o T X" Ty = (x—ay) (x—ap)...(x—etn).

Putx = 1F,WEhEWE
SR
y 1 ¥y 'l n

y
- (o) Gme) - (- =)
T B U e
Multiplying throughout by y", we have
P + PtV P 24 L pyy + 1

o0 [3) (59 ()

Hence the Equatinn
-1 -2
P + Pa—tf Py Py +1=0
i 1 1 e
has roots ﬁ—,a—z,...,ﬂ—n1 '__________.._-—-}'. e "

16. Reciprocal equation.

It an equation remains unaltered when x is changed into its
reciprocal, it is called a reciprocal equation.

Let X" +pp" " 4P P4 L+ P X+ P =0 .. (1)
be a reciprocal equation. When x is changed into its reciprocal %
e get the transformed equation |

. X" + py_ FPpd 2k pyx+1=0
21
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n  Pa=t n-1 Pn—.‘!xn—z 1

e., +4- -+ +,.,+—'—I+-—=ﬂ
e, X D g Pn Pn Pn @
n. it must be the same as (2),

Since (1) is @ reciprocal equatio

Pn-1 Pn-2 21 1
e — = s =P and — = Pn-
P P2z D Pr-1 Pr Pn

L + 1,

S o Pp=T

/ {:HEE I. pl"'l = |.
Then Fa-—-1 =P -ﬂnm2=ﬂz-ﬂn—3=ﬂ3----

e coefficients of the terms equidistant from the

In this case th
nd are equal in magnitude and have the same

beginning and the &
sign.
Case ii. pp = — 1. W€ have

/ Pn—I:"p1-Pn—-2="p2-'-'p1='_Pn-‘F'
in this case the terms equidistant from the beginning and the
end are equal in magnitude but different in sign.
§ 16.1. Standard form of reciprocal equations.
uation, -;— must also he a rool,

and the transformed
Hence the roots of a

if « be a root of & reciprocal eq

for it is a root of the transformed equation
equation is identical with the first equation,
reciprocal eq uation occur in pairs

1 1
&, £ ;i

When the degree is odd one of its 1o
reciprocal.

ots must be its own

je, y== 1.

If the coefficients have all like signs, then — 1 is a root ; if the
coefficients of the terms equidistant from the first and last have
opposite signs, then +1 isa root. In either case the degree of
an equation can be depressed by unity if we divide the equation by

wCdnned wiin dmsc
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THEORY OF EDLIATIDNS 829
x +10f by x — 1. The depressed equation -

equation of even degree w Is always a reciprocal

E.th like signs for its coefficeints,
gaven reciprocal

equidistant from €quation Is even, say

—om and if terms
n the first and last have

8., Pm = 0. 80 that in this type of
middle term is absent. Such an equation

m
X =1 bpgpemeE_ W

_ Dividing by x” — 1, ths reduces to a reciprocai equation of fik
signs of even degree. Hence all reciprocal equations m I::nE|I
reduced 1o &n even degree reciprocal equation with like sign. and
so an even degree reciprogal equation with like signs is oq qrj
as the standard form of recirrocal equations e is cangidered |

— T TR e

~T\. & ¥62 A reciprocal equation of 1h T Dir
—aTw e stand
always be depressed to another of half the dime:;ﬁn::rm A

It has been shown in the previous

equations can be reduced to a standard form, in which the degree
is even and the coefficients of terms equidistant from the beginnin
and the end are equal and have the same sign. g

Let the standard reciprooal equation be

m ~1 -
8™ + a1 4 g2m 2+...+.f|,T,7:"'-su...+a,:.'r+.~z'4{,=.[:-.

reciprocal equations, the
may be written as

=0

article that all reciprocal

Dividing by x™ and grouping the terms -
ends, we have grouping the terms.equally distant from the

ag (f“+;m1—) + aj (x“"_1 -i-me_,‘ Vi

g o (x+%) + 8m =0

1
Letx + 5 =zandx + lr= X..

X
We have the relation X, ., = z. X, - X1

Giving r in succession the values 1, 2, 3, ...
we have X, =z X; — X% =7 -2

Xg=zXp =Xy =2° -3z
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- #

XemzXg=Xp=2'=a474+2

g =2Xg = Xg=2" =562+ b2
and so on. Substituting these values In the above equation, we gg

an equation of the m'™ degree in z. To every root of the reduce,
equation in z, correspond two roots of the reciprocal equation. Thy
if kK be a root of the reduced equation, the quadratijg

X+~ =k.ie.x? - ke + 1= 0gives the two corresponding roots
x

L R of the given reciprocal equation.

2
mple 1. Find the roots of the equation

Exa
' Prat+ad+ad+ax+1=0 (B.Sc.1991) .
This is a reciprocal equation of odd degree with like signs.

4 3
o+ 1) isafactor of° + ax* + 3 + 3¢ + 4 + 1,

The equation can be written as

Ledtratral+afra+x+1=0

e 1)+ F N FIX )T+ 1) =0

le., (x+ 1) + 3 +3x+ 1) =0.
. x+1=ﬂnrx4+3x3+3x+1=ﬂ.

vaidingbyxz.wegat (x‘?+é) +3 (x+%) = 0.

1w rfodug=g
Futx+r-—z. 2

{ —3+VY17
Heni:ex+;= 2
La.,2x2+(3+v’1_?)x+2=ﬂ

or 28+ (@3-ViT)x+2=0
From these equations x can be found.
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\/Exﬂml’"’ 2. Solve the equation
6 -X =43+ 432 Ly _g=0

This Is & reciprocal equation of odd de
Hence X = 1 is @ factor of the left-hand side.

The equalion can be written as follows -
A .3 .3
gxO—6X +5X —5X 3B +38K° 45 by +-6x—6 = 0
4 k) :
Lo, B (X=1) 45X (x—1) = 38" (x — 1) + Bx (x — 1)

(B.Sc.1994)
gree with unlike signs.

3
e, (x = 1) (Bx + 5x ~ 38" + 5% + 6) = 0

, r;-_1nrﬁx4+5x3—35r2+5x+ﬁ=u,
Wwe have to sclve the equation 6x" +-5x° —38x° +5x+6=0.

- 2 .2 5 6
Dividing by X, & +5x—-:33+;+—2=u

X
1
s 5 L0 i
e ﬁ[x2+xz)+h(x+ ) 38 =
1 -
FI.JT.'I"'I'R'TI -.\.‘_+J§=Zz—2

The equation becomes
3

6(—2)+5z-38=0
je. 6B2°+5z-50=0
ie. (22 — 5) (3z + 10) = 0.

) 2 3
! | 5 1 10
I.E..I+K-EGTI+I— '3'-

e, 22 —5x+2=00r3"+10x+3 =0
e (X-1)xX—-2)=00r(X+1)(x+3)=0

1 1
I.E.,x-znrﬂnr-anr—a.

1

. The roots of the equation are 1, R

1
2.-33nd—3,
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& 1) 3%

Example 3. Solve the equation -
4 _ gex2 + 35x—6=0.
6® — 35x° + 56x" — 5
There is no mid-term and this Isa nau::l;:ir::u:';;!2 Eqﬁﬂm; :; E::E,;
' ' ily see thatx” — 1154 0
gree with unlike signs. We can eas vl
ﬁfeg;ipressinn on left-hand side of the equgtmn
The equation can be written as e
60° - 11—35x[x“-1}+55x2( ~1)=
| —asx F—NECHD
+ 5&:{2 {’x‘? -—1)=0

_asd + 62F —35x +6) =0

F. |
ie. 60O =1 X X0+ 1

ie., {xz - 1) fﬁ’f#

3 2_35x+6=0.
,-._.1nrﬁx'4~35f + 62x 1} -t
1 = + — :
2 ]—35(::'-%3:

je,.x=10
+ R
Dividing b‘ﬂ'zr we get 6 (“" P!

1

10 .
b2=

=ﬂﬂr21’2"'5f .

ie., (x-—3) (@3x—-1) = 0 or (¥ —

3 or ;
o, A= BOrg OFECg ;

1 1
i 1. — 1 ,3 l L 2
therootsoftheequation®® 7 73
- e Exercises a7
il tions - 56.1987)
fﬂwmg Equa [E
olve the fol N
? ) x4.ﬂ1ﬂx3+:-‘fﬁxz—1ﬂ"‘f

i

-

woCdnned wiin LJJdeE
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o x' +3° -3 ~-1=0.
3. 4x" — 206" + 33 — 20x + 4 = 0, (B.Sc.1990)
4. 60x* — 736x° + 1433x° — 736x + 60 = 0. (B.S¢.1991)
520 — o 10 — 3P 10 —ax + 2 =0.
628 - ~ 20 —x+2=0,
7.0+ + X+ X +x+1=0. (B.Sc.1989)
.20+t tx+2=128(x+ 1)
9. 6¢° + 11x* — 33¢ — 332 + 11x + 6 = 0. (B.Sc.1988)
0.+ + P+ +ax+1=0.
-5+ -l +5c—1=0.
12,6 — 5 + 8¢ — 1 =0,
13.0% 3% + 58 -5 +3¥ -~ 1=0. (B.Sc.1988)
14. &F—257 431" -39%+25x-6=0.  (B.Sc.1990)
5.0 -+ -2 —x-1=0.
™ 16.x - - af+x+1=0 — 2
i . 817 To increase or decrease the roots of a given equation
"Evﬁ given quantity. g
Let the roots of the given equation
f)sag +ap"  +ax" T+ . +a, =0
be e, . ap.ag. ...,y and suppose we require the equation
whoserootsareay —h ,as —h,ag—hH.,...,an — M.
We have f (x) = ag (¥ — aq) (X — ag) ... (X — ay).
In this if we change x into y + h, we have
f(y+h) = ag (y+h — a) (y+h = ap) ... (y+h — ap).
The right-hand side vanishes when
y=a,—-h(r=12..,0}.

Hence if an equation is to be transformed into another whose
foots are those of the first diminished by h, substitute y + h for x in
the given equation. Then we obtain the transformed equation as

ag (y+h)"+a; (y+m)" " +as w+h)" i+ ran=0 (1)

-
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6. Determine the value of a such that the equation
x© — 12x 4 a = 0 has only one real root.

7. Find the range of values of k for which the following
equations have real roots :-

(1)%° + 4% 4 6x + 2+ k= 0.
@) 2 - 9 + 12— k = 0.
@) axt -4 —12¢ + k=0
(@) x* — 14 + 24x — k = 0.
6)x* + 4 — 8¢ + k=0.
6) B + 8 — 6x° — 24x + k = 0.
(7) 2 — 15 + 36x + k = 0.

8. Discuss the nature of the roots of the equation
at+8d -30°% - 72X+ k=0

for different values of k.

9. Show that the equation ' + & — 6x° — 24x + 1 = 0 has

four real roots if — 13 <r < — B, tworeal rootsif — 8 < r < 19 or if

@ — 13 and no real root if r > 19,
—\:,4'___ - f 26. Multiple roots. ‘ 1

If f(x) is a polynomial in x and the equation f (x) = 0 has m

roots equal toa, then f(x) must be of the form (x — &)™ ¢ (x)
where ¢ (x) # 0.

I =-a)"p W Emx—a" p
=x-a)"  {x—a) ' ) +mep () }.
Hence (x — a)™ ' is a common factor of f (x) and f' (x) and it

is easily seen that (x — r::u:]"”"1 will not be a cummon factor unless

f (x) is divisible by (x — a:]m. Hence the multiple roots of f (x), if any,
are to be deducted by finding the greatest common factors of f (x)
and f' (x) by the usual algebraic process. We may then state a rule
for finding the multiple roots of an equation f (x) = 0 as follows :

(1) Find ' (x).
(2) Find the H.C.F. of f (x) and I’ (x).
(3) Find the roots of the H.C.F.
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Kty
Each different root of tjye HCE. will on
han it does inthe HCF Oceur onee S
I/’E,;ample 1. Find the » N

mult
el liple roots of th
W 4+ 4y + 124

PO =x"~ 0@ 4 4y 4 12 (B.5c.1988)
Fo) =4~ 1804 4
The H.C.F. of f (x) and ¢ (x)
Hence (x — 2}2 is a factor of
The remaining factors are casily ascertaineg
Thus we find f (x) = (x — 2)° (X + 1) (x + le
. The roots nff[x} =0are2, 2 - 1ang Ia
H / Example 2. Find the values of 4 for which :
a —9f 4 125 _ 5 -
roots and solve the equation in one case,
F)=ax’ -9 + 12— 5,

f' () = 3ax® — 18x + 12,
Find the H.C.F. of

ax® — 9 + 1ox — 5
and 3ax’ — 18x + 12,

":‘he process of finding the H.C.F. is exhibited below -
%x: aC - 9P + 12— 5

3 | |
ax” — X + dx 3ax” - Bax + 5a |
J—ﬁxztlr-ﬂ.‘i.'—ﬁ (8a—18)x+12-5a
~3(8a—18)x°+8(8a—18)x—5(8a—18)|

2 |
|3 (8a — 18) X" + 3 (12 — 5a) x | !
(49a — 108) x — 5 (Ba — 18)
Itf (x) and f (x) have a common linear factor

49a — 108 _ — 5 (8a — 18)
Ba—18  12-5a

B equation

IS easily foyng obex - p

F(X).

has equal

| !
|aaz2-1ax+12 l—g
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|

104a + 108 =0

T
2) = 0.

e, (258 — 54) (a8 —
54
« ga=200 05"

a = 2, the linear factor of both sides becomes — 10x 4 1

"

and — 2x + 2.
- The H.C.F.Is (x — 1).
. 3_gf +1x—5
Hence (x — 1) is@ factor of 2x ,
_The remaining factor Is 2x = 5.
5

- The roots of the equation arc o 2>

gxample 3. Find the condition that the cubic equation
ax apy” + 3cx +d =0 has two equal rocts and when the con.
dition is satisfied, find the equal rogis.

| ot ¢ be the equal root.
Then  is also a rool of ' (x) = 0, where

f[r};;-ax’+3bx2+3cx+di
aa3+3ba2+3m+d=ﬂ '
=t

and Eacr:'b% b + 3c =0
ie., s + 2ba+c =0 .2
Sﬁbtracﬁng the product of (2) and & from (1), we get

pa® + 2ca +d =10 .. (3)

- (1)

Erom (2) and (3), we have
1

_-_-_tf_____:—____L=-_________2__.
E{bd-cz} bc —ad 2 (ac -b’)
- ad}2= 4 (bd - c'?] (ac — bz}

(bc
nd " 1 (bc —ad
= = s
; B ac-—b2

)
e 4. Find the condition that th-
[ ..3 I 3-::-'” x + Gl‘ —_ D

Exampl ~~uations
2l +3bx+c=0.7
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THEORY OF EQUATIONS 367

should have a common root. When this condition is satisfied, show
that the common root is a double root of the equation

2(ab' - a'b)x° + (ac' - a'c) @ + (b’ — b'c) = 0.

Let @ be the common root of the equation.

Then aa” +3ba +c =0 sl

a’ -::3+3b’cx+c:'=3 - (2]
Multiplying (1) by a’ and (2) by a and subtracting, we get
3(@b—-ab')a+ca —-ac' =0

__ac'—a'c
3 (ab' — a'b) s [3)
Substituting in (1), we get
a (ac’ —a'c)’ _3b(ac’' -a'c)
27 (ab' —a'py® 3 (ab’ - a'h)

c=10

Le,a(@c-- a’c}a + 27b (ac’' — a'c) (ab’ - a'b]z
~ 27c (ab' —a'b)’ = 0.
If e is a double root of the equation
2(ab' —a'b)x + (ac' —a'c)’ + (be' —b'e) =0 ... (4)
a is also a root of
6(ab' — a'b)x® + 2x(ac’ —a'c) =10
ie, 6(ab'—a'b) a® + 2a (ac' —a'c) =0
ie,2a{3(ab'—a'b)a + (ac’' —a'c) } =0.
a cannot be equal to zero.
_ (ac’ —ac)
3(ab’ —ab)
.« is a double root of the equation (4). -
_'___.-.r,?(- i Exercises 54 s i
1. Find the multiple roots of the equations :
(1) dx* + 24¢° + 49 + 45x + 25 = 0.
o) 43 . 127 — 15x =4 =0,
(3) " - & + 13¢ — 24x + 36 = 0.

which is the same as (3) .

L a=
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12. Show that x* +x° 4 x* 4,2 4 ¢ _ ¢ has one real root
oh Is negative and eight imaginary roots. (B.Sc.1991)
" §25. Rolles’ Theorem,

|73 ;
jf’ petween iwo consecutive real roots a and b of the equation

1) = 0 where f (x) is & polynomial, there lies at least one real
root of the equation ' (x) = 0,

Letf (x) be (x — H}m (x - b}n ¢ (x) where m and n are positive
integers and @ (¥) Is not divisible by (x — a) or by (x — b). Since a
and b are consecutive real roots of f(x), the sign of ¢ (x) in the
interval @ <X = b is either positive throughout or negative
throughout, for if it changes its sign between a and b, then there is
aroot of ¢ (x) = O that is of f (x) = 0 lying between a and b, which
is contrary to the hypothesis that a and b are consecutive roots.

A @=x-a"nx-b""pw+
mx—a)"" " (x—b)" ¢ (x) + (x - a)™ (x - b)" ¢’ (x)
=x=-a)" " (= )"y (),
where  x (X)={m (x=b)+n (x~a) } ¢ (X)+ (x—a) (x—b) ¢’ (¥).
S x(@)=m(a->b)¢(a)
% (b) =n (b~ a) ¢ (b).

x (a) and y (b) have differnt signs since ¢ (a) and ¢ (b) have
the same sign.

“ 1 (X) = 0 has atleast one root between a and b.
Hence f’ (x) = 0 has at least one root between a and b.

Cor. 1. If all the roots of f (x) = 0 are real, then all the roots of
F'(x) = O are also real.

Iff(x) = 0 is a polynomial of degreen,f (x) =0isa polyno-
mial of degree n — 1 and each root of ¥ (*) = 0 lies in each m? the
(m - 1) intervals between the n roots of f (x) = 0.

Cor. 2. If all the roots of f (X) = 0 are real, then the roots of
FO)=0,f"0)=0,F =0are real.

Cor. 3. At the most onl
y one real root of f(x) =0 can lie
BN two consecutive roots of f (*) =0, that is th |
Off' (x) = 0 separate those of f (x) = D.} ' e

Cor. 4.1 f' (x) = 0 has r 1
- s eal o
More than (r + 1 :rieal i roots, then f (x) = 0 cannot have

>canned with CamSc

2 ey o s

Scanned with CamScanner



|

i
.

GEBRA
), 356 A TEXT BOOK OF AL
roots as
Cor. 5.7 (x)=0 has al least as many imginary
£ e he equation
' g nm;:!e{f Find the nature of the roots of the eq
~ EX :
" o F 4+ 20 =0.
Ay~ = 21x 4 18x __M:;__21Z;z+1ﬂx+zn_
Let us consider the function f (x) =

_ 12%° — 42x + 18

—6(x-1NK&—3
reland

soff (x)=0aréy

We have ' (¥)
3. So, the roots of
Hence the real root

1 Lands,
y will be in the intervals b

em‘ean-‘mandz,ﬂ

fx) =0 if an
ely.
Sand-l-‘mrespecthfy s
L e e E
AN
o .
i n each of the above intervals.

ish, once i
f (x) must vanis e

t.-f.ence f (x) = 0 has three real g 3,‘,4_&*3__&‘,2_‘_241,_?:&
ow that the equa io . il
\/Eﬂf"P'E Ea;fi::ve one negative and two imginary
B 3_gl+2ax—T.
Letf (x) be3X — B
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gxample 3. Discuss the reality of the roots
Pt -2 104

for all real values of a.
4 3
Letf(;}ljex + 4x -—23(2-12:':'+E.
=4 + 128 — a4 - 1
=40+ 1) (x= 1) (x + 3).
- Theroots of ' (x) =Oare =3, — 1and 1.
£ () : + 8—8 T+g g-9 .

If a — 9 is negative and 7 + a is positive
f(%) are real.

~f=7<a<9, f(x) =0 has four real roots.

Ifa > 9, thenf (x) is positive throughout and hence all the roots
of { (x) = 0 are imaginary.

fa<-7, thesignsof fl) at ~w,~3,<1.1.& am

0

. the four roots of

respectively +, -, -~ +
Hence f (x) = 0 has two real roots and two lmaginaw roots,
P —  Exercises §3 — - ———

1. Prove that all the roots of the n:-qualiunxf' - 1B+ 25=10
are real, (B.Sc.1990)
2, Find the nature of the rools of the equatlon
(1) 4 = 215 + 18x + 30 = 0.
(2) 2 - 9% + 12 +3=0.

(3) x* +4}‘:’ 204 + 10 = 0.

iy d3 dn-1
+— 4+ e —
+1 N n-=1 2

the equation agy” + ax" ' +ax"C + ... +a, =0 has &' loasi
one root between 0 and 1.
4 ¢
4. Show that the equation f {H]={H—E}E+fx-—ﬂj"+!'r- g) =0
has one real and two imaginary roots.
5. Find the limits to the value of ¢ in graer that the eguation

a
3. Prove that if = + -1—"- = 0, then

P 3x + ¢ = 0 may have all its roots real.

E— :ﬂ:‘a'rl'm'ﬂﬂ'CamSc
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3
A
he roots of the equation " _ 5,2 5
22]3 ”;k 3, show that O < ab 4 g 2 g
RPN @A D @y agyg,
_without actually solving an equation, i ig o=,
smine the nature of the roots of tha equation Thiﬂfgjfble- to
detels wil give the various methods etermining . (O1OWing
alle™% ¢ of the equation. — g nature of
;Ul' pescaries’ Rule of signs. ‘L il
uation f (x) = 0 cannot haye mor e
A:r:‘-'t changes of sign in f (x). © Positive roots than,
Let f (¥) be a polynomial whose signs of the terms are

i S

in this there are seven changes of sign Encluding changes
+ to—and from — 10 +. We shall show that if this p‘:’lll’ﬂ%mi;ﬂg;
mutiplied by a binomial (corresponding to a positive root ) whose
jgns of the terms are + —, the resulting polynomial will hay "

one more change of sign than the original, Writing down Esll;efhsg
igns of the terms in the multiplication, we have
tt——=b—d g
——— = — + 2o
it I S
L el SR T ST RO N

tE-tEd-Frzo s
Here in the last line tha ambiguous sign + s placed wherever
there are two different signs to be added. Here we see in the product

1] an ambiguity replaces each continuation of sign in the
original polynomial ;

[2) the sign before and afteran ambiguity or a set of ambiguities
are unlike ; and

(3) & change of sign is introduced in the end.

Letais take the most unfavourable case and suppase that all

e amblquities are replaced by continuations, then the sian of the
lerms become : ' ;

ettt -+ -+
The number of changes of sign is 8. Thus even in the most

of o Yourable case there is one more change of sign than the number
"anges of sign in the original polynomial. Therefore we may

h—.__
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iplication of a pinomial

conclude in general that the effect of mult
hange of sign-
to nega-

factor ¥ — « Is to introduce at least ONé c
he factors unrrespﬂﬂding
i (). The effect

tive ;.‘T,‘;_.’TF"“S.E the product of all t

of multi mginary roots of f (x) = D be a polynomial

c ultipiuing £ () by each of the factors ¥ — & = B X e
orresponding to the positive roots, a ./ - v /

one change of sign for eactl, an the complete

formed containing all the roots, we have the resultin

y changes of signs as it has positive roots.

wh_i-::!1 has at least as man
This is Descartes’ rule of signs.
ative roots-

/ § 24.1. Descartes’ rule of signs for neg
Letf(x) = (X — aq) (X — atg) .- (X~ an)-

By substituting — X instead of x in the equati

f(—=x)=(—X~— aq) (—X — &g) - (X &n)-

= are — @1 — g,
= 0 become the posit

ons, We get

The roots of f (—X) — Og e

. The negative roots of f (x) ive roots of
f(—x)=0.

Hence to find the maximum number of negative roots of

m number of positive roots

f(x)=0.10 is enough to find the maximu

of f(—x) =0
So we can enunciate Descartes’ ru

follows.

le for negative roots as

er of negative
s of the poly-

Fa

greater numb

uyation can have 2
es of sign in the term

nomial f (— X)-
24.2. Using Descartes’ rule of signs we can ascertain whether
an equation f (x) = 0 has imginary roots or not.
We can find the maximum number for positive roots and also
e of the equation will give the total
of the maximum

e roots. The degre
tion. So if the sum
s than the degree

for negativ
numbers of roots of the equa
numbers of positive roots and negative roots is les
of the eqd uation, We are sure of the existence of imginary roots. Take
for example the equation +a —x+9=0 The series of signs
of the terms are as follows -
+ + -+

The number of changes of signs is 2 and the equation cannot

have more than two positive roots.
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Now change x into — ¥, we ot
~x' +8% 4 x4 9=
e, x4+ 8y ~X=-9=90.
The series of signs of the lerms are
+ 4+ = =

and the number of changes of sign Is only one and so the aquation
cannot have more than ane negstive root,

Hence in the equation there car 'l exist more
roots. Since it is a seventn degree eq;ition, it
ar imaginary.

Thereiore tha given aquaticn:: has af feast four inginary roots.

§ 24.3. An equation f *) = 0 is callad complete wher all

th
powers ofxfromn™ to the constant term are present. In an complele
equation, we can easily see that the suim of the number of changes
of sign in f(x) and f (- x) is exactly equal to the degree of the

&ouation. Hence this rule can pe used to detect the imginary roots
oy In incomplete equations.

Example. Determine completely the naturg of the roots of t1:a
equationx” — x° — ax + 5 = 0, (B.Sc.1004)
The series of signs of the terms are + — — +.
Here there are two cranges of sign.
Hence there cannot be more than two positive roots.
Changing x into - x, the equation becomes
~X -6 +ax+5=0

ie, ¥+ —dx-5=0
The series of the signs of the terms are
+ 4+ - -,
Here there is only one change of sign.
<. There cannot be more than one negative root.

So the equation has 'got at the most three real roots. The total
number of roots of the equation is 5. Hence there are at least two

imginary roots for the equation. We can also determine the limits
between which the real roots lie.

than three raai
has seven roots real

b ™

A-23
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! L 3
| Y= =— 00 = - 10 1 2 =
P el
- -
AP G — X+ 5= .
The positive rootslie between0and 1,and 1and 2, fhﬂﬂ ”IE*QEIIWE
root between — 2 and — 1. ol I
et TR 4 Exercl s 52
N i FJ i (‘ ‘w,-f,f. 2).’3 1 = 0 has at least
") Shnwthat the EEIUE_HDF‘I:I - 31 ™ il E.5t.1982
four imginary roots. vl e
B L A — = 0 has at least four imaginary
tx + Sx+ 1
2. Show tha B.50.1993)

roots. _
3. Find the number of real roots of the equation

X +18x-6=0.
4. Prove that the equatinnx# + 3x — 1 = 0 hastwo real and two

imginary roots.
5. Find ma number of imaginary roots of the equation
.:r +8x—-7=0.

6. Find the nature of the roots of the equation

x4+ 15x2+?x— 11 =0.

7. Showthat (1) the equatinnxa + gx + r = 0whereqgand rare
essentially positive has one negative and two imaginary roots, and
(2) equation i = gx + r = 0, has one negative root and the other
two roots are either imaginary or positive.

8. Find the number of real roots of x?—xs— #—ﬁxz+?=ﬂ.
(B.Sc. 1988)

9. Show that 12¢" — x* + 10x° — 28 = 0 has at least four im-
aginary roots.
10. Show that the equationx” — 1 = 0 has, whenn is even, two

real roots 1 and — 1 and no other real root and when n is odd, the
real root is 1 and no other real root.

11. Show that the equation x"+1=0 has, when n is even,

no real root and when n is odd, the real root is — 1 and no other
real root.
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T K et ey |
Jmt-11 CHAPTER 2 hllida =4
; MATRICES A
.-']"' 1 : §1.A_m atrix is defined to be a rectangular array of numbers
- arranged into rows and columns. It is written as follows -
(a1 o1 @3 . G|
L// ﬂ21 ﬂ?ﬂ EEE wane ﬂﬂ“
@31 G32 G33 -+ GO
|. Gn1 Tm2 Gp3 v Gy,

Theabovearrayiscalledanm by nmatrix(writtenm x n)since
it has m rows and n columns. It should be noted that a matrix has
no numerical value, It is simply a convenienk Way of representing
arrays of numbers. Two arrays containing the same numbers but
differinginwhichthenumbersappear constitutedifferentmatrices.

The individual numbers in the array are called the elements,
The elements may be positive or negative integers or they may be
fractions (i.e., rational numbers) or irrational numbers or complex
numbers. Theelementsmay bealgebraicexpressions inoneormore
variables,orfunctions.

;-"" j,_,' T 1.1.Notation. Brackets [ ], parenteses () or the form |{ | is
L+" “used tnenclnsethe_rﬁctangulararray of numbers. Weshalladoptthe
notation[]to representa matrix. Analternative no tationisla.) in

which the generalelementdr ofthearray isenclosed withinsquare

brackets. Furacumpletedescriptinm' -1,2,3,..ms=12, 3, .0
should be added.

/ §1.2. Special typesof matrices.
1 L [ L] +
(i) A rowmafrixisa matrix with only one row.
Egl21,3)
; / (ii) A column vector '« & matrix with only one column.

-1
Egl 2
3
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Tosave spacecolumnvectorsare .sunwl.timequ“!rritte'naa rowsof
numbers enclosed with curly brackets ; the example already given
may be writtenas{ - 1,2, 3). i .

\./ (iii) A square matrix is one in which the 'li;i,li:_ﬁ'l.:lef :réifrnim is
equal to the number of columns. Egh 70 .

If A is the square matrix.
(@) @a @y | @, | ieE
gy Gge Qgy ... Gap L
2y - Oag" Oy S gy ek B
T e wnem .'::: L] '.'_. - -._* § II| ;i
Al Pz 93 v Ipn N PTRTRIET
thenthedeterminant AT el g
@] 2 N3 ... Fa (Ve
dgy dgg dg3 .. Gou [ ..
@3] G432 @33 -+ Gy
@yl Qo Gy = - Oy

is called the determinant of the matrix A andit is denoted by | A| or
det A. Onlywhenamatrix isasquareone,it willhaveadeterminant.

The sum of the diagonal elements of a sq uare matrix 'Egi‘éal'led
the traceof the matrix. |
/" I |A|= 0, then the matrix is called a singular matrix. If
|Ale 0,thenthe matrixis called a non-singulay matrix,

(iv) A square matrix A whose elements above the principal

diagonal (or below the principal diagonal) are all zero is called a
I:'l

triangularmatrix.
2 ﬂ ﬂ ﬂ 3 2 1 2 ; ::: -"'-r.. i.;-. J
E 3 = 1 D ﬂ - D i 2 1 4 [ W3
.g‘ - 4 3 = 2 ﬂ ’ U D 5
2 1.80

\/ (v) Diagonalmatrix isa square matrixofa ny order with zero
e

lementseverywhereexceptonthemaindiagonal.
!
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MATRICES 61
[ a3 g 0 90 1
0 {'!2 0 0
EEg., !} 0 ay 0
0 0 0 gy

"/ (vi) Scalar matrix is a diagonal matrix in which all the ele-

i ments alongthemaindiagonalareequal.

[ aq 0 0 0]
0 @ 0 0

Egslo o a; 0
0 I'.:I ﬂ' q

V/f (vii) Unit n.;atrix iz a scalar matrix in which al

alongthe maindiagonalare unity.

1the elements

Ifit is a square matrixof ordern xn t is a unit matrix of order

n. Itis usually denoted by I,,.
1 00
0 10

' LI B .
IEI'E[EI 1],135 0 -

A unit matrixoforder n ls usually denated by I,

Bl D e O]
bds s ; 41460 ..0
. DG EDG D
Hﬂ ;[H- [alra]' 00 l‘] 1 :. : "

0000 .1

wham " is called the knonecker delta and is definedby
. rd

isnis §ow lifree
[ T8 L

= Oifra aforr,a= 1L,2,...0,

| L//{vii‘.l Null ar zero matyix. Ifall the elements in a matrixare

geros, it is called a null or zero matrix and is denoted by 0.
i) 000} o000

0
0 00
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-
() Transp osemntrix. Ifrowsand columnsare interchanged
inamatrixA, we obtain asecond matrixthat is ealled the transpose

of the original matrix and is denoted by A",

a3y g ayg ayy Og . 01
IfAw= |dgy dgg agy then Af = | @1p az0 @sg
| 981 fa2 Oas @y Ggd 938

' a; b

A= |3t 32 33| thenAf= |ag b

1 b2 3 b

. as “3

IngeneralifA = [a,], then Al = [a,].

§2,Scalarmultiplication of amatrix. Ifall the elements of
& matrix A are multiplied by a constant k, thenthe resultingma brix

is kA,
2 -8 4 4 -8-@
Eg,lfA= 1 -2 EJ.thEﬂﬂﬂ- [2 -4 4] L
2 1 -1 -¢"-3 871"
A= |3 0 -2, then= 8A= [-9 0 61"
10 1-al 0 .8 84

Multiplicationbyascalarobeys

(i) Commutative law i.e., kA = Ak

(ii) Associative lawi.e., ky (kgA) = (Rkiky) Aw by hg A3
cas, Two matrices A and Bare said to
], i.e., the correspondingelements are
ix B unless the number of
the number of rows and

§ 3. Equality of matri
be equal if they are identica
equal. Matrix A cannot be equal to matr

rows and columns in A is the same as

columns in B. .
Using the above defl nition of equality we can express.cer tain

relationshipsmorecompactly.

] 4
=k

For example the equation.
o¢x+ 8y 2a- 3b| _ 4 -2
{E‘.r -8 2a+ 3 g 8

can be written in the place of the four equations

Scanned with camsSc

2 ey o s

Scanned with CamScanner



MATRICES 83

Eﬂ:'l' @H‘ ; 21:*3?..2
9a=- 3w - 2 and 2a+ 3b= 8.

v § 4. Addition of matrices. Matrices are added, by adding
together corresponding elements of the matrices. Hence only
matrices of the same order may be added together. The ragult of
addition of two matrices & a matrix of the same order whose
elements are the sum of the same elementa of the corresponding
positionsintheoriginalmatrices,

ay ag by by ap+ by egt by
Eg,|as ag|+ by by| = |agtby oyt by
as ag by bg agt bg agt bg

In general ifA = [a,g), B= [b]
Then A + B = C, where C= [a + byl

Two matrices that have the same order are eonformable with
respect to addition ; two matrices with different nrdara_ are nf:nt
conformable with respecttoadditionand theprocess ofadditionwill

‘he}midared to be meaningless for them,
&4

1. From the definition of addition of two matrices, the
following properties can easily be proved :-

(i) Matrixadditioniscommutative. _

If two mlatricau A and B are conformable for addition, A+B=B+A.
(ii) Matrix addition is associative.
If A,B,C are matrices of the same order. (A+B)+C=A+(B+C).

(i11) If Aisamxnmatrixand 0 be the m x n zero matrix, then

A+ 0=0+ A= A,

§5.Substraction. Two matrices of the same -::r:_*dar are sub:
tractedbysubtractingtheir correspondingelements.

If.{ﬁi = Iair'ﬂ] ﬂnd B - [bﬂ]l thenﬂ T B " [ar.a - bm]'

We can easilysee that A - B= A+ (-1)B
atricesareequal,then theirdifferenceisa zeromatrix.

A-Ae= O

Iftwom
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”
102 21 -1
o Example 1. GivenA= (3 1 4|;B=[3 0 -2
50 6 01 1
compute 3A - 4B '
1 02 21 =17
SA- 4B= 3|3 1 4]-4|8 04=2
5 0.6 0.1 "1_|
EIE e
|9 Bi12[. —|12.07-8]
15 0 18 04 4
[3-8 0-4 6+ 4
=|9-12 3-0 12+ 8
15- 0 0-4/18- 4
=56 -4 104! s it
= -=~3 3 20
-4 14|

// Example 2. F mdva]ues of x, _'_-.r zandwthat satlsfythe matru-:
relationship - R o —

x+ 3 2y+5 : l_l. s :
z+ 4 4d¢+ 5 | = -4 _2:+1_

w- 2 8w+ 1 2w+ 5 -20

From the equality of these twoma tiices we get the equations.
x+ 8= 1, dx+ 5= 2¢+ 1 '
2y + 5= -5, w- 2= 2w+ 5

z+ 4= -4, Jw+ 1= = 20

Solvingthese equations we get
x=-2,y==-5,z=-8,w= - 7.

/ Example 3. Solve the equation for the matrix A
4 -1 -2 2
o [ 3 74] =[ 4

sa-[73] -[-2 1]
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1/-6 3 [2 i
-A.-g[ﬂﬂlu.lj]

Exercises 8

33 8 (4 4 4 5 b 51'-'
1.IfA=]3 2 -2| B=|4 1 G|andC= 6 0 -
' 21 5 7 10 0 g8 9

evaluatethefollowing:

@)3A- 2B+ C (i) 4A- 8B- 2C (ii) 5A - 3(B- 0.

9, Solve the equation for the matrix X:

-2 -3 4
[5 3] =[5 )
3, If A, B, Cbe the matrices of example 1, solve the equation

2 (X+ B)= s(gm a] Kot
A

es X and Y from the equa tions

-

4. Determine the ma tric

10N 3 2
core(3 B (29

3 x 3 matrices, Determine these from the

5. X and Y are
equations
ax + 2Y=1, 2X- Y= 0.

6. Find values fora, b, ¢ thatsatisfy thema trix relationship:

1 2 =T+ Eb]
3 2a- 2b | _
{i}[_?a;_g a+ b+ ¢ [b+4 2a
1 2
2 B 4 a+ ]
[ii}ﬂ[ﬁ ":] - [_1 % +[b+ ¢ 3
]I = Afw BtwhereAand Barematrices

= .F:PL'! where k is somescalar.

7. Show that (i) (A + B

Ol A]t
the same order. (i1) ( L -
p etric matrix. A matrix which is unr.:%m_n ged b_',.-_r
¢ E‘:l';:ist:}r:-ilsl:allad a symmetric matrix. Such a matrix1s neces
transposl

sarilysquare
9 -1 3
A4 11
g 1 O

-

E.g.
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, - Atie,la,]= [
Hence il A = [ a] is symmetric then A= A L. [dr,) = [ay,]

§6.2. Skew symmetrie matrix. | |
atrixis thesame#as theelementa,, with

the matrix is called a skew
kew s}rm.maltz_i_-:: matrix are

Iftheelementa,, ofam
a negative sign i.e., g, = - ay then
symmetric. The diagonal elements inas
zerossinceq,, = - @, i.e., &G, = 0.

Hence a skewsymmetric matr
elements alongthe maindiagonalze

- is a square matrix with allits
rosand &g = = %ar

o 8 Bield )
- e
B, 5 -4 0" 1
3 8 edtn D

Hence if A is skew symmetric thenA= - &t- |

r e §6.3. Hermitian and skew Hermitian EI.:I:lﬂ.tl:i'iﬂfEE... .4
If the elements a,, of the matrix A are mmpleg nun;h;rs,_thﬁ
matrix formed by the conjugates of G which are denoted by &, 1s
called the conjugate of the matrix andisde n-:?_tad b‘?,ﬁ.'

Hence A = [a] o
2- i3+ 21]

294+ 7 3-2 2 3 .
I“’“‘[m % d+ a.e}thE“H [2- 3 4- 8

s

If A is a square matrix and A is the transpose of its conjugate,
such a matrix is calleda Hermitian matrix.

£ ik
If A is Hermitian matrix, thenA = (H) orAf= A

The elements of Hermitian matrixsatisfy therelationship

Qg = d_ﬂ; e
Hence for the elements alongthediagonala,. = G
is real. Therefore the diagonal

iy

Such is the case only when &,
elementsof H ermitianmatrixarereal.
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MATRICES 677
\// Example of a Hermitian matrix: '
2 a biic d-ie
b-ie f -gtih
|dtie -g-ih k
AHermitain matrix with real elements is a symmetriematrix.

_ IfA _i-é'ii“."s:éfuare matrix and if A is the negative of the transpose
ofits conjugate such a matrix is called a skew Hermitian matrix.

Henee lfﬂls askew Hermitian matrix.
A= '».(E) forAte - K

: The elements of a skew Hermitian matrix satisfy the relation:
ships Gg ™= = Uy

Forelements alongthediagonala,,. = - a,,

The:!.r are purely imaginary or zero.
Examples ofskew Hermitian matricesare
i@ -btic dt+ie 0 a+ib e-id
~| btie if g-ih|;|-a+ib 0 e+if
| -dvie -g-ith -ik —c-id -e+if 0O

~ Everyrealskewhermitian matrixis askewsymmetricmatrix.

Ex,:am ple. Show that any real square matrix A may be
written as the sum of a symmetric matrix R and a skew symmetric

matrixS, whereR = 5 (A+ A)andS= 5 (A~ A)

2 1 4
Hence represent thamatrixlg —é g

asthesumofasymmetricandaskewsymmetriematrix. (B.S5c.1994)

Let A be [a,,]. Then A= [a,]

. R= g(A+ AY= glay+ a,]
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= R is a symmetric matrix since in Rifr and aarnintf_rchﬂﬂ#i
we get thesameresulti.e., R = IR -
e
1 1 &
S= (A~ A)= glan- ol o
te g 3 ] |
S'm 5= apl= = gl = %
‘1'1' :t'-l" - Ao b
S= - s parya 2 =
Hence S is skew symmetric. L
A Bi L w Ak A
R+ S-%[am-f aﬂ,.]+%-[am-aﬁ,.]-[|ﬂr,;]_'.ﬂ: e |
Hence any matrix A can be rePressnf;éd as the sum-of a sym-
metric matrix and a skew symmetrixmatrix. i R
3
2 1 4 A B 8
" L 1 1 | 5
letA= [8 -1 8| ThanA'= 1 ’
[3 -5 ﬂ] bl Sl 4 ._3 ﬁP aeleyell
4 900 Tl :
t e : i
-~ A+ A= ‘? :g 5 ki L b ':“:Ltl-':'?l.'llf "
] Fiy ":T""lﬂ{-r
] |' _.:ﬂ : ? 4 cibid el rol
s i
y AT b B B
Hence R = E(A']' A)= |z -1 | 1 B
I T i 0 il ; &
2 TI 35 UL R R ‘
1 i SR A | . ? :'_-{_5
i | b 7 0 8 :
Sd-ffﬂ AJ E’_I —S-ﬂ' . : I
7.3 '
R + AP
722 2
s T
1
- - 4 {}-
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MATRICES 697
e g - N
g X Z 7 212 ,
A= 'LT -1 =11 4% _ﬂ 0 4
7 1
E -1 0 ._E -4 0
 ————— e - — = P —— = e
Exercises9

Li A_and B are symmetric matrices of the same order, show
that A + B is symmetric. :

2.1fA and B are skew symmetric matrices of the same order,
show that A + B is skew symmeturic.

3.If A is skew symmetric and has an odd order n, show

that |A]=0:
[Hint:A'= - A, |A]= |A'|= |-A|= (- 1)" |A]] :
3 =1 0 8
4. Represent the matrix i % :g q;
=0 O -7 -2

as the sumofa symmetric and a skew symmetric matrix.
6. Prove that (i) if A is Hermitian, then (A isskew Hermitian

(i1) if A is skew Hermitian (A 1s Hermitian.

6. If A is a square matrix prove that (&) + Ais Hermitianand

{m‘ - Aisskew Hermitian. Hence deduce that any square matrix
Acanbeexpressedasthesumofla Hermitianandaskew Hermitian
matrix. Hence represent the matrix

2+ 3% 1+t 2-4:
-1e2t 3 3+ 25
b 0 b&-i&

asthesum ofa Hermitian and a skew Hermitian matrix.

1
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-

_ 7IfAisHermitianshow thatitcanbe writtenasR + EE:whare
Ris areal symmetric and S is a real skew symmetrical matrix.

8. Show that every square matrix canbe expressed uniquelyas
P+ iQwhere Pand Q are Hermitian.

u./ﬂ §7.MultiplicationofMatrices. | rﬂ—)

Definition. If A be the row matrix (a; , ag, ag .. ﬂn] and Bthe
column vector (b , by, by ... b,), the inner prudm:t of A and B is
givenbytheformulaa;b; + agbs + aghy + ... a,b, andisdenotedby
thenotationA.B,

§7.1. IfA is a m x n matrix with rows A; ) Ag ... Ay, and Bis a
n x pmatrix with columns B, , By , ... By, then the product ABis a
m X p matrlx C whose elements are given by the formula
Cij =
'ﬁl-gl A By 5, ABy
A2 a 1 AE-I Bﬂ ammn ﬁE .
HEH’EE G - J.d.iB = v M Bris '....B]JI

Ap.By A, .Bs .. Am‘BpJ
Thesimplest way to carry thisoutinpracticeisbythe following
geometriescheme. Giventwomatrices Aand Btobemultiplied, first

write A and then write B immediately above and to the rightof A in
thefollowingposition:

BAI 1
B 2
A -t
|
A=fem---1_0 Flam for writing A; B;
| 48|
4 2 3 9 1
Thus to multiply and(-1 6
i0 B i LR

we write the matrices as below:
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MATRICES P
| 2 ¥ B
-1 8
| 6 1 4
{9 +§ S 3 Yo
I
A6 ox -

A1+ By = (4) (2) + (2) (- 11h+ (3) (5) = 21
Ar-By= (4)(3) + (2) (6) + (3) (4) = 36
A2.Byi= (=2)(2) + (0) (- 1) + (-1)(5)= -9
Ag.By= (=2)(8)+ (0)(6) + (- 1) (4) = - 10

9 -10

Only if the number of columns in A is equal to the number of
rows in B, then AB exists, It is important for the student to become
familiar with the various combinations of matrix orders for which
multiplicationispossible,

Order of A. Order of B. Order of AB

Hance.&B:[_El 35]

2x3 ' 3x3 2x3
x4 4x3 3x3
ax3 dx3 dx3
mxn nxp mxp
3x4 2x4 Does not exist
1xn nxl 1x1
mxn nxl mx1

1
Cor.If A ism x n matrixand B is a n x p matrix, then

AB - .l!!.'l. [Bl BE Ba - BP]
= [AB; AB; AB; . AB]
where B; , By ... B, are column vectors.

Cor.Let Abe the square matrix
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; (@) G4g ... Oin]
Ay Q9 ... G2y
Oyl Oug - ﬂ?m_

Then the determinant of the matrix A is
@1 912 ... %a
Gy, Ggg ... O2n
|ﬂ| = ELET) 'TT 1] L] R

Tyl Tl - dyp '-"

If |A| =0, Ais called is a singularmatrix.

§ 7.2.With the help of matrix multiplication simultaneous
equations can be expressed ina compact form.

Consider the set ofequations
apx + agy + agz= dj
bix+ bgy+ byz= dy
Ex + Cg¥ + a2 = d

This is can be writtenas AX =D

a) dg ag x dy
whereA=|b) bp by|; X=|y|:; D= dy |.
] Cg C3 z dg

§7.3. Matrix multiplication does not obey all the rules for the
multiplicationofordinarynumbers.

(a) Matrixmultiplication is not commutative

ie,AB= BA.
(i) If AB exists, BA need not exist.
[ 2 1 3 1 2
Eg,ifA=]-12 1|andB=|-1 3|,
0 4 -2 -2 1
(-5 10
then AB=| -5 5§ | but BA does not exist.
0 10
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(ii) Even if AB and BA exist they may be of different orders.

2 3
Eg,ifA=|-1 4 andH:{ 21 é ?]
b 6 i
_ 1 8 9
ABisoforder3x3 andisequalto| -6 7 1
4 17 21

but BA is of order 2 x 2 and is equal to [ lf iﬁ ]

(iii) Even if AB and BA are of the same order they need not be
equal. 3 :

; B0 T | : # Iy T o
Eg,ifA=|3 1 -2|and B=[(2 2 -3
4 0 -1 8 -1 0
7 B L § L et Y
AB=|-110 9| butBA=|-2 4 &
1 9 16| |32 |
(b) IfAB = 0, neither A nor B is zero.
2.0 0 000
Eg,lifA=|0 0 0[,B=|12 3
001 0 00
000 ' .
AB= |0 0 0| butneither A nor B is zero.
G.00)E T8 Tse |
g tigE a1 T tIF-00 L%
2A=|-9 -6 -3|, B= -1 0 3
Ee ' 3 2 | '1]' 2 a3 0
(c) IfAB = AC, then B need not be equal to C when A = 0.
AB= AC
. AB- AC= 0

ie,A(B-C)=10
Hence A or (B - C) need not be equal to zero.

120 12 3
T O
E.g., Let -1 4.0 9 9 2
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12 3
andC=|11 -1
11 1

33 2| ACbutBx C,
2 -1

tributive laws hold gcm-:i inmatriy

We can easily see that AB =

/ §.4. The associative and dis
multiplication,

IfA, B, Caresuch that multiplicationo pﬁrﬂtiﬂnﬁ aredefined,
() (AB)C=A (BO). ;.
()A(B+C)=AB+AC.

We shall illustrate theae two results by taklng IlT-lmEl'lr:al ex-
amples,

e

(i) Let A, B, Chbe respectively the matrices
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so=[t 4] [149)- 288
aatood P HURIRIMREH
meo-[38 ][4 )-[8 4]
=aeso- [T )8 53]-[4 4

~A(B+C)=AB+BC.
/ § 7.5. The following results are easily seen:-
(i) If0 is a zero matrix, then A0 = 0A = 0.

(ii) If A is 2 square matrix and I is the unit matrix of the same
order, then Al = [A = A,

(iii) The product of two diagonal matrices Aand Bofordern is
anotherdiagonal matrix of ordern and AB = BA,

(iv) The product of two scalar matrices of the same order is a
scalarmatrix.

(v) IfAand Baretwosquare matrices, then|A| |B| = | AB|

IfAB =0, theneither |A| or | B| is zero.

(vi)IfAissquarematrix, AAca_m easilybe foundand isdenoted
by AZ |

Similarly AAA= A?A= A(A%= A

Ingeneral A™ A" = A™ "= ATAT

§7.6. A matrix is said to beidempotent if A= A
1 0 1 -1 1 0 01
E'g"[ﬂl]’[ﬂ ol*|oofl]10

2 -3 1
L/Exnmple 1. Show that the matrix A=| 3 é i]

-5

satisfiestheequationA (A - 1) (A + 2I) = 0.
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2
3
5

g =
| 4
-6

Hence (A- D) (A + 2I) song -

1 =31 d -y 1 [-10 ~-10. - 10
=] 3 0 3 3 3 3|=] -83"--83:-"=8]|
-5 2 6| =56 2 -4 11 .11 11

AA- 1)(A+ 2D

2 -8 17[-10 -10 -10]. [0.0 0
8 ‘1" 8| | -3 lgtigifE]oTao

§ 2 -4 11 arae1ei000
~ A(A-D(A+ 2= 0.0 1

\.// Example 2. IfA = [é E],Ehc@_‘.ﬁ that Asatisfiestheequation
2 : , G e
A"- BA- 2I= 0, Uasmgthlsrasultdgtgrminegﬂ?ﬁ' L2t

f'[l 21 [1.2] 2170000

. 4J {3 4] -[15 (42 | 02 2 abeqnnn
i é EJ '[12 ég} fr o ..:;'.;I;:':!.l

v AP. SAL 9IS [1’; ;g] '_'[155- 53]-[3 gj."'!

[ B 4240105290 0] |
15 -15 -0 22 -20 -2}-

fog]

A% A~ 2u0,

[ s
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o Ad
SOA -{Eh+21}{5ﬂ+21}

25 A%+ 20AT+ 412

5 25—_"'-.E+ 20A + 41

= 25(6A+ 20) + 20A 4+ I
= 125A + 501+ 20A + 4
145A + 541

Henceﬂs-__- 145 A2.+ 541A
145 (5A + 21) + 54 A

T25 A 4+ 2901+ 54A
TT9A + 2901

1 9 10
??9[3 4]+2mh 1]

[ 779 1588]  [290 0
pooas | 2337 3116 | * [ 0 zau]

(1069 1558
2337 3406

In -

=

\/Examplﬂ 3. Show that the matrix A = [ ? B I'} ] satisfies

theequationA® -1 — L Usethis result tocaleulatethe 16th powerof
= -1
the matrix B = [1 1]
9 0 -1 0 -1 -1 0
o8 2[4 3 4 o
1 =1 0 -1 10
B-[1 71] - [3 To] + o 1]
=A+ L

s Bila (A+ D(A+])
=J’L2+ Eﬁl+ I2

0
1]:--1

= =
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e AZ4 2A4 1
= Es\,!—:il'lt‘ﬂ.-"'hﬂﬂ- = 1.
. B%. (39)%~ (2A)°

o8 A"

of (- 1)? since Afw < 1.

]

= 981
956 0
=1 0 266

I'xercises 10

000 ﬂug G‘ -Egg
_l1 00| ,B=(000],C=
e [ﬂlﬂ 100 /1. 2.0

show that AB = BA, AC = CA and BC=CB. | 4
9, Evaluate AB- BA, when - .

1 0 -2 i
A=[0 -3 1|, B=
P11 L0

2
iijA=| 1
( 1

. 12 1 ~1
ﬁ]ﬂt:[l {}];B’[E 4]_:{3“ [4 {}] 2
ol =1 28 4]
o 2 13 ) L
[11}A=[4 o EJ'H {gg , C [ﬂ.._.]_gg
- 1 2
4.1m=[,} 1}. 13-[3 4

show by computationthat
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30.IfAand Bbesquareskewsymmetr icalmatricesofthesame
order, show that AB is symmetrieal if and only if AB = BA.

§8.Inversematrix, Let A be any matrix. Ifa mﬂtri?: B exists
such that AB = BA = I, then B is called the inverse matrix of A,

Since AB and BA exist and equal to a square matrix, Aand B
must be square matrices of the same order.

Ifaninverse matrix to A exists, thenit isunique. ' -
Let B and Clbe the inverse matrices to A.
ThenAB=BA=land AC=CA=1.

Pre-multiplying AB by C we get CAB = CI

':;I_.“"! .I i B ]
- '_,_\ ie,, IB= CI ie,B=C.
—”
Theinverse of A is denoted by A", Hence AA™ 1= A" 1A = [
.'__f‘!'r  ABTAdjointmatrix. .
a1 4z 43 ., el

dg) 922 Q93 ... Qg,
Lﬂt J".'-Lbﬂ thE Equam ma ti:\'. rans wean ST aeid L

e
Then | A| isthedeterminated of the matrix A

L

1 B2 @3 oy,
921 G2 @ ... ay,
Then |[A| = [*= == lom on ..

Gnl Gng Gy ﬂm
Let the co-factors of the e

lement
determinantbe A1 Ay, ¥ a1,

ﬂlﬂ, LELL LT T in thu

Then the transpose of the ma iy
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(Al Aje AL Ag
Agy Agyg Agy o Agy

Aul ﬂlﬂ *'!"u.'! *'H"nn.
(A Agy Ag ... Am ]
Ay Agy Agg ... Ao
LB, thematrde| e see 1o w9 we

A Agn Agn v Amn
is called the adjoint of the matrix A and is denoted by adj A.

§ 8.2. Relationship between adjoint and inverse
matrices. ’

L// We get
- Al 0 0 0 ]
o (AL B s
P:.{ﬂ"&,] ﬁ]: I T

, o 0 0 .. jAl
- sinceay;Ay; + 019A12 ¥ - O1pfn = A
' agiAgy + GgoAge+t - Gpahon= [Al

llllllllllllllllllllllllll

L
------------------------

@Ay + Guofga+ o o Gpfan = Al

LI
lllllllllllllllllllllllll

1 0 0 0

0 1 0 0

_ 0 0 1 0
JA@AGA)I=TAL]  ee
0 0 0 1
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= |A]L
Hence A (f{%-l"‘l) - L

1A
Similarly we mnahuwthnt(ﬂf—}'ﬂ-] A= L
__-'l':_l'].'-';'

. Wad-] A is the inverse matrix of A. a1 rgnsail

adj A o also called the reci procal of the matrix and is denbted by

AT

A%
The inverse of A exists only when |A]| = 0, i.e when A is
non-singular. .
§8.3The necessary andsufficientco nditionforasquare mai;::::
. 1 i 1 i in .
g_,.---/ﬁ topossess theinversels that | A | is not zero. i.e.,Aisnon-singu
Let A~ ! be the inverse of A. o
AA~ 1= 1

Hence |A] [A™?[ = 1] = 1
|A] = Oand |A™}| = 0

.+ The condition |A| = Oisnecessary.

Let [A= 0
AA-1e A{ﬁTadjﬁ}

& Flrrmaqjm

Pkl P D s 0
!nl [A] 0 o O

1
- TAT

[0 0 0 .. IAl
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'Y 8 0 o B
0 1 0 .. o
T i | B
: n -:] ...... i.i

SimilarlyA" 1A = |
Hence the condition issufficient.
L BB L (A1

.“11 ag .. Gy
dg1 Qg2 ... Oz,
LetAbethematrix| .. .. .. *
1 J"; 5 -I q‘l‘l ﬂnE gl ﬂn-"'

(ay) agy ... @]
@19 @99 ... Gy2

Uy Tgg = Oy

A fadild il
(497 e (e gy |0 B2 o Lo A< 1AL

Hence (A)" 1= (A™Y)"
L/ §8.5.Inverseof ABis B o e

Let Aand Bbe non-singularsquarematricesandtheirinverses

berespectivelyA™ *and B” ,
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Since A and Bare non-singular
|A]= 0, |B|= 0 . |AB|m= O.

We have AB(B™ A" 1) = A (BB~} A1
(By associative law)

= AIA-1
= AA°1
=1
Similarly(B"*A" 1) AB= L
. AB(B'A Y= (B'A"HAB= 1L
L (AR L= B
Cor. (i) (ABC)" 1= 1B 2a7!
(i) (A%~ 1= (A™1)2
(iii) (A") 1= (A7 )"

2 -1
\./ Example 1. Find the inverse of ( g 21J
€11 %12 93

Let the matrixbe A| ag; agp as3 | and
@31 @32 @33

e 0O =

the co-factors of the determinantbe Ayy , Ayg, ... Ags.
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12
Aga= (3 g = 24| =
-2 -7 19
5 A-I- 11 3 g
-6 -1 2

/ Example 2, Find:’taatia[yingthamatrixaquaticrn

23] A[2 3] 4]

LetBandChe renpectwel;.r the matrices

21
[3 Eland’ : _3

Then E&G:’ 4

3 -1
B 'BACC !- B [-§ _i] o 1
i _o1 -2 4 1
Le, [Al= B [ 5 “1] c
ie,A= B! [552 _141'] ol
2 1 sy Mg s
B: 3 2] B l[-ﬂ 2]
-3 2 1 3 2
BI E —E G- H o= [5 3]
2 -11[-2 4 3 2
ok 2] 3 -1] [5 3]
24 137 [-24 -13]
== |-84 -18|" | 34 18
—— 122]
V/ Example 3. Show that A = g % g satisfiesthe

equntiunﬁﬂ- 44 - 6l= 0.

Hencedetermineits inverse

S-S

m‘ﬁam&

T e s
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. 113 2111 2 2 p8é8
A= 12 1 2]]1212]|]=|89328
EEIJEEI 8 89
(4 8 8 600
4A=(8 4 8|;56I=|/0 6 O
8 8 4 006
9 [9 8 8] 4 8 8 5 0 0 .
A~ 4A-5l=|8 9 8(-|1848|-]|050
8§89 8 8 4 006
[0 0 0] '
=|0 00
000
5 " |

. Ao B - Blw G,
Multiplyingby A~ 1, we have
A 1A% 4A-1a 1 5. ¢

LE-rA‘- 4['- ﬁﬂ-l': 0.
% B e A iy h g

1237/ 1400] (-3 2
=(2:1:2 T 040)= [ 2 =8 g

[ 8.8 2]
[ e
. A‘-l = 2 _ 3 ' 2
88 B
2" 91 15
L & B EJ
§9.InnerProduct, ! .

IfX =
tors of a m:::;ﬂf th:n;l fhd X ':?IJ’E}’;] e {;] are Fhﬁ cplurnn vec-
product of the Vﬂﬂf:ﬂrﬁ ;:rﬂl‘; T’E}'E_+ w t Xy, is called Ellm inner
. The o
o : mnerPI‘ﬂductqu with itselfis
1 Xo + ..+ . :

LLTY 2 h 1 | . | -
t %,%) s called the length of the vector X.
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Ifthe length of the veetg
vector.

Ifxyy; + Vet ot .y, = 0, the vectors X and Y are said to
beorthogonal,

The same definitions of i nner product and orthogonal are ex-
tended torows of matrices also,

-
:n./"' §9.1.0rthogonalmatrices.

A square matrix P is said to be orthogonal if PP = |
i..E., Pt = P 1
\_//ﬁ 9.2.Properties oforthogonal matrices.

1. Every orthogonal matrix commutes with its transpose
Wehave PP= P!
» PPP= PP 1o
Also PP= P~ 'P= 1 .
, ~ PP=PP.

L/ 2.Pruductu‘ft\ﬁfuﬂl'thugunnlm:ltri-:esisurthngnnal.{B.Sc.lEiErl}
Let P and Q be two orthogonal matrices,

o PP land@'= Q!
s P@=pig?
ie., (QP)' = (QP)"
. QP isorthogonal.
Similarly we canshow that PQis orthogonal.

/ 3. The inverse ofan orthogonal matrix is orthogonal.
(B.Sc.1994)

Let P be an orthogonal matrix .. pl=PF
Hence (P~ Y=t (B 1 = (P

4

ris unity,it is called a normal or unit

wCdnned witn tjdeE
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a5 li.sﬂrthc:gunal.

rd
< 4.Amatrixis orthogonalifand onlyifits rowsand columns are

mutuallyorthogonalnormalvectors.
[ @g . a] [%]
91 G .. ag, | [Xp

L

Let Phe

| 1 Gng %un | Xn
(@11 ag ... @]
Qg oy ... Oyp

ThEHPr- = {:{IJKEJ""XB}

_a{; =il .;;;J
X9 X (XY | X (X,H]
X (X, * N ¢
. BBl AT SHE) o BB

LA AARES &

If P is orthogonal, PP’ = 1
" X (%)= 1, XX )= 1..X, (X, Y= 1and

X; (X9 = 0,..(X) (X9 = 0,
X (X19=0,.%X, Y= 0

------------------------

Xa(X19= 0,.. %, (X1 = 0
ie,X; (X;9) = 1ifi =

= 0ifi=
ie,X; (X;") = 8 (knoneckerdelta)

_ Hence the rows are normal and are mutually orthogonal.
Similarly we can show that the column vectors of the matrix are

normalandmutuallyorthogonal,
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Hence the condition is necessary.

We can easily show that the condition issufficient.
fin (X X9 = 8
fe, X (X; /) = 1ifi=]

= 0ifimj,

L. 0 B 01

B 3 B e B
thenPPt# O T I L I

0 B0 e L

». Pis orthogonal.

;RS T
; 3 3 3
Example. E}mw that A = %— % -g is orthogonal
22 1
L 38 "3
- J1208
The given matrix A =5 2 1 =2
-2 2 -1
1 3 6 -6
Al=5|6 3 6
6 -6 -3
1 1 2 -2 :
=3 2 1 2|=A
2 2«1
~, Ais orthogonal.
V/ § 10, Solution of simultaneous equations.
Considertheequations

mx + agy + azE= d
bl.l'i" bﬁ}“" bﬂz- dﬂ

gyx+ cy + CyE ™ d
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the values ofx, y, zare determmed

B2 A TEXT BOOK OF ALGEBRA

ay ag dag x dy :
MA=|b by by|, X=|y|, D=]|dy ,Lheﬁ -
dy .
|

C; Cg €3 z
the system of equations can be expressed as the matrix equation
AX = D. ‘

Pre-multiplyingwithA™ 1, we get

A 'AX =A"IDje, e & 1D ie. XL A1
x dl
ie,ly|=A"1|d;
= da

The product on the left isa 3 x 1 matrix.

Hence equating the corresponding elementsin X and A" 1D

2x+ 2vy+ 22= 6

This system of equations ean be put in the form .

i

g 2 -2]
-2 2 2
2 2 2
If A is the matrix
]
is writtenas A | y
z

A lcanbeseenas

- A3

i % b
[} L e
i i

2 11
2 J the equation
2

[6
2
6

&R
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0 -} 1
ol .‘,‘r" = | '&' ‘E = -'i- 2 = 1
3 - -l 1 1 G 1
I.""L "'i e E ‘E—r

" x-l'l :l"l,. 2= 1.

e —
L

Exercises 11
L. Find the inverses of the matrices :

18 =2 1 2 1 4 21
{01 3|;G)|2 8 -1],Gi)|-3 0 5
001 T 16

-

[ 7 4 2 1 3 4
2.Im_[_1 ﬂ},m [1 1],c=[.? gl.pmehy
numericalcomputation(ABC)” R g i A
3. Verify numerically that the inverse of the symmetric matrix
13 6]
3 6 2|isalsosymmetric.
b 2.1

4.1FA = g f],ﬂnda+ A~

l =1..0
5. Determine the inverse matrix of A where ﬂ:[ 0 1 -1 l ’
1

1 0

Hence find the matrix X satislying the matrix equation
3 21
AX=|6 5 4
9 8 17

6. Determine A from the following matrix equations :-

{i)[f g]-a- [; f] mm[ﬁ i} . [g 1

Scanned with camsSc

T e s

Scanned with CamScanner



A
(2.2) = | B
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11. Rank of a matrix. A sub-ma rmiujnga ol B b

—delinedtobeeitherAitselfloranyarrayrema
and columns are deleted Mrom A.
2 -1
1

For example the matrix [ gy

has assub-matrices [irst itself, next the matrices
-1
[1]

8 2 L | gl 3 2]
8 3]1[3 ][5 430 -
{32—1],{[}-21],[32],[2-1].

[3-15,[0-2,[-2 1[0 1 . -
. sidual elements. The

t_ainlng 1ts ]ﬂdl aﬂgdﬂ’lﬂminuﬁ QFA

and finally the matrices con ;
-matricesarec

determinantsofthesquaresub AL

The rank of anm x n matrix A is rifand only ifevery m:_n “Em
A of order r + 1 vanishes while there is at least one minor bforder
rwhich does not vanish. :
Clearlyr = minimum of mand . A null matrix isof ra nk 0.

lar matrix oforder n x n, then A .
ame as thatofthe

If A is non-singu is of rank n.
The rank of the transpose of a matrix is thes

originalmatrix.
1 -1 g
_Find the rank of the matrix |2 6 |

” P Example. Find the | i85

1 -12
Minor of third order= |2 6 g | = 0.
: 13 4
d

The min-:m;_: oforder 2 areobtained by deletingany onerowarn

any one column.
Itsvalueis 8.

4

1 -1
2 6

One of the minors of orders 2 is

Hence the rank of the given matrix is 2.
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12, The determinatiun

times th . of the rank of a matrix involves some-
matrix i: izglllit:;n o many de terminants and if the order of the
comparatively easi;-nn? fhal then, the work becomes tedious. A
evolvedin thﬂﬂ]"“winga?- od of finding the rank of a matrix is

ticles,
«”  13.The follow;
tary transfo

.'& Operations on a matrix are called elemen-
rmationsof a matrix :-

(1) Inl;er-::hange of two rows (or columns).

(i1) Multiplication of al] ele

ts of
same non-zero number. ments of a row (or column) by the

(iii) Addition of the elements ofa row (orcolumn) multiplied by

thesame number, to the corresponding elements of another row (or
column).

We can easily show that these ele mentary transformations do
not change the rank of a matrix.

Two matrices are said to be equivalent if it is possible to pass
oneto theother by a chainof elementary transformations.

IfAand Bare equaivalent matrices, we write Aw B.
Wecaneasilyseethatequivalent matriceshave thesamerank.

/ §13.1.This result gives us a method to determine the rank of a
Y matrix easily. Replace it, say matrix, A, by anequivalent matrix B,
all whose elements above the leading diagonal are zeros, Then we
candetermine the rank by inspection. The method is illustrated in
the following worked out examples.

1 =1 2
/Exﬂ.mp]e 1. Find therank of the matrix|2 6 3
3 13 4
1-12 1 0 0
2 6 3|«(2 B8 -1 c1,C1+ Cc2,C3- 2:'.‘1,
3 13 4 3 16 -2
1 0 0]
= |4 16 -2 1"1,.2."‘2,1'3
3 16 -2
1 0 0]
«|1 0 0 ry.ro= ri,r;
3 16 -2
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We can casily see that the rank is 2.
"
. Example 2. Find the rank of the matrix
R T B
2 4 -4 7 (B.Sc.1994)
-1 -2 -12
1 2 -13 1 0.00
2 4 -47|a|l20-21]|¢,e- 2,
-1 =2 =12 -1 0=-25
eqt 01, C4— 301
["1'0 00
w10 0 =10 6| ry,5rg,rg
~1:0t=2 b
10 0]
| 11 0 -8 0 J'l,l“g-?‘3,r3
=10 =225 :
[ 1 040, 0]
w |11 -E 0.0 €1:C3:C4,Co
-1-258 20
1 00
The third order determinant| 11 -g g is not zero
] e
Hemlﬂthﬂmnkuf.thl.agivenmé}fﬂu::_igﬁl____ nl 0] o s elugs
e Exercises 12
Find the ranks of the following matrices ;-
(3 4 -6 B |
.12 -1 7 2.] 4 -1 -2 (B.Se.1993)
1 -2 8 -6 7 8
8 M f 8 't ¥ oW s
. 5 13 -1 11 4.|7 -20 -2 25
-2 2 4 -8 6. -2 4%
[1 4 6 2 2 (2 -8 -1 1
5.(210 9 6 7 6.3 4 -4 -3
3 10 21 & 4 0 17 =5 -9
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1

12 3 2 a1 § 1
2 41 -1
lTi- 1 -2 ""1 4
-323 1 8.l 3 1 2
0 76 3 6 0 37
9. For what values of & are the following matrices are of
rank3?
g g 59 44-31
: 3 6 ol l L= D
{I}UIEE |, 9 9 9
211k 99 k 3
§ 14. A system of m homogeneous linear equations in n
unknowns.
Let the equationsbe
@3%1 + AypXg + o+ apx, = 0
a91X1 + AooXo + .. ¥ agux, = 0
@)X + Gpa¥g + e+ GyXp = 0
The equations can be put in the form
[y &y ., 914 ]
: dgy 499 ... d24y
AX =0 where Aisthemx nmatix| ... .. o ..

Gpl' Gng - Gpg _
and Xis the column matrixofordern (x; , x5, ... x,) and 0 is the null |
column matrix of orderm (0 .... 0)

iy pfa . ,
V .f %y = Xg= .= X, = Oclearlysatisfies the equations whatever
(Al | the matrix A may be. This solution is called trivial. We shall try to
(% o find the non- trivial solutions of the equations if they exist and the

conditions for the existence of the non-trivialsolutions.

e W] g

-'”"FT“ W If A isa matrix of order m x n and rank r, then
. L/f':ix = 0 have a non-trivial solution if r < n.

Supposethatano n-trivialsolutionexists.
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Letussupposethat r = .
Sincers m, mz n.

The rank of A is . Hence there is at least one non-zero minor
of A of order n.

Arrange the equationsinsuch a way that the sub-matrix A, of

A, consistingofits first n rows is non-singular. The first nequations
may be written.

A,X= 0,where | A,| = O.

-1

A, ~ " existsand we have

(A, DA, X~ A, "2 (0)

ie, (A, 1A X=0
e, IX=0

je,X=10
je,x;=xg= .= X, = 0.

This contradiction proves that r="n. ~Henc‘e,_ since r= n, it
follows thatr < n. Converselyitcan be shown thatifr < », AX=0
hasnon-trivialsolutions.

Note. If the number of equations m is equal't:.:l the number of
" nknownn, the conditionr < nreducesto thefamiliarform |A|=0.

Ifthere are fewerequat '
riscertainly less thannand theequations

solution. . . .
Ifm > n,theconditionis satisfied only if every matrix fo rmed

from n rows of the matrix A is singular.

§14.2.IfAand Bare n-rowedsquared ma trices, notnullmatices
ﬁh that AB =0, then both A and B aresingular.

Let B; ... B, be the column vectors of B

ions than unknowns, i.e, ifm < n,then
alwayshavea non-trivial

Then AB = [ﬁBl J&LBE seane .ﬁ.Bn] ;
e[ 040 0]
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Since Bis not a null matrix, By, = 0forat lenst one k.
ExpandingA By = 0we get
ayybig + ageboy + .4 ay, by = 0
anbyg + agoboy + .t ag by = 0
a,1by, + @ obop + ...+ @, b, = 0

Consideringthesen equations as nlinearequationscontaining
Oy s by, - b, weget that thesenequationswilleontain non-trivial

solutionsif | A| = 0i.e., the matrix is singular.
Taking the transpose we get B' A= 0. Applying the same
argumentsasbeforewehave |B'| = Oi.e., | B| =0i.e.,, Bissingular.
ﬂ_//ﬂllﬂ* IfAB = 0 and A is non-singular, then B = 0.
Weget AB=A[B; By .. B,]
= [AB, AB;... AB;]
w[ 0 '0 .-0]
s ABp = Owherek=1,2,..n.
Takingk = 1 and expanding AB, = 0, we get

ayybyy + @1gbgr + ot @101 = 0
ﬂﬂlbll+ ':.IEE&EI'I' s ¥ dﬂubnl- 0

lllllllllllllllllllllllllllll
lllllllllllllllllllllllllllll

ayibiy + augbor + ot Gy = 0

Since |A| = 0, these equations have trivial solutions ie.,
byy= 0, by = 0,.. b,;= 0, considering these equations as

homogeneous equations inthevariablesby, , bay , - by

s Bl = 0

STAMMEad With CamSc
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Similarly we can show thatByp= 0,B;,%.By= 0
Hence B =0
Cor.IfAB = AC, then B =CifA s non-singular.,
AB- AC= 0
ie,A(B-C)= 0
Since A is non-singularB- C=
e, B=C,

L,/’Nute. If A and B are both singularand if AB = 0, it does not
follow that BA = 0, ' ] :

forexample
11][-1 1 00
22 1 =100
=3 “LTIL S |
o "1 -] (23] [ 4]
\_/5' 15.Linear dependence and ind ependence of vectors.

A system of n vectors of the same order
81,82, &,

is said to be linearly dependent if there exist n numbers
ky, ks, ... k, notall zero such that

JIEIEI'I: kﬂEﬂ"' ...kng‘.‘- ﬂ
where 0 is a null vector of the same order.

A system of n vectors ) , &y, ... £, of the same order is said to
belinearlyindependentifthey satisfytherealtion,

k1€ + kg B + '"‘ir"'ugq' 'Dﬂn]}’ifk,l‘ ko= ..= fi‘,‘- 0.

X = "i'tl ,‘él + kﬂ%ﬂ + ot .r'.in E“ WhEI‘Ekl o kﬂ § s .-Id
called a linear combination of §1,80,.. K.

L‘Etﬂl l"P"'E ' P'-El

narescalaris

-« Ap be column vectors of the m x n matrix A.

These columns are linearly dependent if there exist numbers
k1, kg, ... k, notall zero, such that 4
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'!el!"-]_ + kgﬁlg + ...+ k"ﬁﬂ = (),

Since each vectoris oforderm, thisisequivalent to merquations
in the n unknowns. These equations ean be put in the form Ak =0.

Wherek is the column veetor (% 1 o by . k). Hence the columns

of A are linearly dependent if and only if the equations have non-
triviakolutions,

In the particular case when A is a square matrix, its columns
are linearly dependent ifand only if | A| = 0.

If |A| = 0, then |A’| = 0, so that the columns of A', i.e., the
rows of A are also linearly dependent.

If |A| = 0, then the eolumns and rows of the matrix A are
linearlyindependent.

If A is any m x n matrix of rank r, then A contains at least one
non-vanishing minor |A,| of order r and the columns of A, are

linearly independent. Since the rank is of orderr, every minor of
orderr + 1 is zero. Hence no set of (r + 1) qu_mnﬁ of ﬁ can be
linearlyindependent.Similarlyther rows of A which contain A are

linearly independent but no set of (r+1) rows Es linearly indff-
pendent. Hence we can define the rank of a matrix A as the maxi-
mum number of linearly independent rows (or columns Jof A

815.1. If the rank of a matrix A of orderm x n is r, then there is
atleast one set of r linearly independent columns (rows) of Aand
every other column (row) can be written as a linear combination of
anysuch set.

Let (Cy,Cy, ... Cy) denoteamxn matrix A. I.['ﬁ hiazrmn:j:;

- ' order r is non-singular.
:31:1: . E?:l; ; néij.rlj: th; t;:t:-]tmms of A passing through this sub-
m; trix. Since the matrix [Cy, 1 Cp.2 - C;, ) has a rank r, the vectors
Ci1Cio- - Cyrare linearly independent. If now CJ de nﬂ’;es nn_:]r
column of A, the matrix [ C1 Cg - C.r (?,.] has still rank r an
hence the columns, Cy1 G2 - G- Gjare linearly dependent Le.,

Ao P le:-:ist such that
}".'I. Gk,]. + }"E Chlg + e lr Cji.r+ }.”_ 1 Cj =0
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Hence C:, can be written as a linear combination of columns

Cr1sCrg o Cpp
Cor.Ifasquarematrixis non-sin gularifando

(rows)arelinearlyindependent.

16.System of non-homogeneous lineareq

er’s rule that a system of n equa-
lution ifthe determi nant formed

nlyifits columns

uations.

We have seen under Cramm

tions inz unknownhasauniqueso
by the coefficientsof theequa tions is not equal to zero, i.€. when the
rank of matrix formed by the coelficients inn.
Let us consider in this article a system of m equatiunﬁ' with n
unkonwn with no restrictions hetweenm and n.
Let the system of equations be ¥
a1 X1 + @9 X9 + By X = E".'l
agy X1 + GogXgt - ﬂﬁu*’g_’ b?
@y X1+ Gme¥zt o Snn *n = b
These equations can be put in the form AX =B,
(@ @12z e Pn ' ENE | by |
II:I-ZI HEE wwwn L Ezﬂ- xi i I b!
where A= | wee  woe = o » X= | X3 |3 B=| b
@l T2 Dn Gy Xn 'rjm
(a3 %12 ... Yo by _
g, Gpg - G B2 |,
The matrix . .. |iscalledthe
Q1 a2 - Gnn b

mented matrix and is denoted by [A,Bl

determinant in [A] occurs in
B] and also the rank of [A,B] cannot exc

aug
Since every [A,B], the rankdut‘ A
eed the

cannot exceed [A,

rank of [A] + 1.

Hence (i) rank of A < rank of [A,B]
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or (il) rankof A = rank of [A,1]
Let us consider the case (i),

_ BiEE;lEE of this relation, {he greatest non-vanishing deter-
minant of [A,B] must contain the column B.

Hence Bis linearly ind ependent of the eolumns of A and there
are nox; such that

2 X [*'ﬁﬂ] - B*'

wherethe[4,] représent the columns of A. Hence there do not exist
ANy Xy, X3 ... x, satisfying these equations. Hence there is no solu-

tion for the given set of equations and hence they are inconsistent.
Let us consider the case rank of [A] = rank of [A,B].

Let each be equal to r. Hence every column of [A,B] can be

E?iresﬂed asalinearcombinationofrlinearlyindependenteolumns
o .

Since[B]isa columnof[A,B] there must exist numbersx; such
1L
that }; x [Al= B

Hence there is at least one solution to the system of equations.

Thus if rank of A < rank of [A,B], the system of equation is
inconsistent and thereis nosolutionand if rank of A = rankof [A,B],
there is always one solution to the system of equations and hence
thesystem is consistent.

Example 1. Discuss the consistency of the following sets of

equations:-
(i) 4x + 3y = 12 (i) 4+ 3y= 12
dxr+ 2.25y=9 3x+ 225y = 8
(i) dx+ 2y+ 2= 1T
2c+ y- 2z=8

de + 3y + dz= 20.
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; : 4 3
(i) In this case A = [3 2.25]

rd
2
and [A,B] = [ 3 225 9 ]
We can easily see that the rankof Ais 1 and the rank of [A,B]
isalso I.

one solution. We can easily see that

nsistent. Hence there isatleast

Thus theset ofequationsareco ‘
the system of equations hasan

infinite numberofsolutions.

The second equation is Ti of the first equationand the solutions

aregivenbyx= 3 - %y for any y.

2

and thirdequationsareadde

(ii) In this case A = [g 1325] anditsrank 1.

[AB] = [; 2'3_5 IBEJ and itsrankis 2.

Nosolution exists and the equationsare inconsistent.

The first equationis 4 + dy = 12.
32

o 4 .
The second equation multi plied by 7 gives e+ 3y= 7

Herethe twoequationsare inconsistent.

'3 2 1
{iii]Inthiscasa[ﬂ]: 2 1 -2
4 3 4
2 2 3 3
and[ABl=]2 1 -2 8
43 4 20
|AI=Dandrankuf[A]=2

The rank of [A,B] = 3.

Hence the system of equations are inconsistent. If the second

danddividedby 2, we getthe equation

3x+ 2y+ z= 14

This is inconsistent with the first equation.
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E.xamp:'le:E.Investigaterurwhatva]uE_q,_,[u,bthesimultananuﬂ
ﬂughnm
X+ Y+ z=§
X+ 2y+ 3z= 10
T+ 2y+ az= b

have (i) nosolution, (ii)a uniquesolutionand (i) an infinite number
ofsolutions.

Theabove system of equations have a uniquesolution if

111
1 2°8
1 2 a

le,2- 3» Oie,a= 3.

= 0

Ifa = 3, the system of equations become
X+ y+ 2= 6

x4 2y+ dz = 10

x4+ 2y+ dzm
k31 1 11 6
Inthiscase [AJ=]1 2 3| and[AB]=|1 2 3 10
12 3] 1 23 b

1
[Ale |1 2 3 '."'1."-_-.1"]‘-":;_!
U

Henceits rank is 2,

11 8
[ABle |1 23 10 |[(r,ry,ry-rg
0 0 0 &10]

Iftb= 10, the rank of [A,B] is 3.
Hence in this case, the system of equations has nosolution.
Ifb =10, the rank of [A,B] 15 2.

Hence the equationsare consistent. Inthiscase the numberof
sclutionsisinfinite.
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do not have a solution unlessa + e= 2b. '

J . ,E/’ld:Elg